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IME Public are here preſented with a collection 
of papers, written, at different times, to amuſe 
ſolitude, and with hopes of producing ſomething 
which might be uſeful to the community. 


A natural inclination pointed out the ſubject; and 
previous reading, as well as practice in the Mathema- 
tics, had made it probable to me, that ſome branches 
of thoſe ſciences were ſtill capable of Improvement. 


For ſome years, therefore, I employed my leiſure 
hours in trials to facilitate and extend thoſe methods 
of computation, which have been long conſidered as 
the moſt uſeful. Of theſe trials ſeveral were attended 
with ſucceſs; and the approbation which ſome ſpeci- 
mens of theſe improvements have received from the 
learned“ has been one of the ſtrongeſt motives with 
me to publiſh this volume, as it afforded me the beſt 


* See the Philoſophical Tranſactions for 1780, and 1782. 
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evidence I could poſſibly have of the utility of my 
inventions. 


For the particulars of this book, I muſt refer the 
reader to the Eſſays themſelves; becauſe a detail of 
the contents would be much too long for this place. 


As the printing of this work was undertaken by 
ſubſcription, I moſt willingly embrace this opportu- 
nity of making my grateful acknowledgments to the 
ſubſcribers, for the encouragement they have given 


me. And while I do this, I cannot but regret, that 


the work has been in the preſs above two years. The 


interruptions, however, which I met with in this Bu- 


ſineſs, made that delay unavoidable. Theſe interrup- 
tions were, indeed, very unexpected; and aithough 
they were produced by different immediate cauſes, yet 
they might all moſt juſtly be referred to thoſe incon- 
veniencies which are too commonly felt by the labo- 


rious part of the Clergy, and are too obyious to need 
any deſcription. 


Green's- Norton, near Towceſter, 


N orthamptanſhire, March 25, 
1788, 


J. HELLINS. 


2 


MATHEMATICAL 


E S 8 A V 8, &. 


77)... I 


00 the Computation of Logarithms : containing ſome new 
Theorems for that purpoſe: 


HE utility of logarithms is ſo well known, that 
much need not be ſaid upon it. In our days he 
mſt be a ſlender mathematician who does not know 
1at they are uſeful, not only in trigonometry, naviga- 

ion, aſtronomy, the calculations of compound intereſt 


This Eſſay was read before the Royal Society March 16, 1780, and 
honoured with a place in the 0th Volume of their Philoſophical Tranſactions. 
It is printed here without any material altcration, except the correction of 
ſome preſs errors, and the addition of the notes, 
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and annuities, but alſo in the finding of fluents, and 
the ſummation of infinite ſeries. 

Some of the greateſt mathematicians that this king-- 
dom ever produced, as Sir ISAAC NEwrTon, Dr. 
HALLEY, Mr. COTES, and Mr. SIMPSON, have 
thought it not beneath them to improve the contruc- 
tion of logarithms ; which ſtrongly argues the uility 
of thoſe artificial numbers, and may ſuggeſt to us, that 
the conſtruction of them cannot be much furher 
improved. 

Now, although we ſhould be very aiffident in ur 

expectations of improvement in any part of the na- 
thematics after it has been handled by ſuch grat 
men, yet, if the method of computing be in gener] 
long and tedious, or if there ftill remain any partic 
lar difficulty, I believe, no good reaſon can be give 
why every attempt to abridge the one, or remove th, 
other, ſhould be diſcouraged. The eaſy method o 
computing the logarithms of large numbers given ir 
page 49 of Mr. SIMPSON'S pamphlet on Trigono- 
metry is a proof, that thoſe gentlemen*, who were 
of opinion that nothing better was to. be . for, 
or expected, than what they publiſhed on the ſubject 
in the beginning of this century, were miſtaken. And 
the following theorems, inferior to none as to con- 


See the Confirudtion of Logarithms prefixed to Sherwin's Mathematical 
Tables, 


vergency, 
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vergency, and uſeful in deducing the logarithms of 
great fractions from thoſe of ſmall ones, or the loga- 
rithms of ſmall numbers from thoſe of great ones, 
may be conſidered as another proof of the miſtake 
before mentioned. I have only to add here, that 
theſe theorems are new to me; and if they are ſo to 
the public, I humbly preſume they will be acceptable. 


THEOREM 1. 


The log. of A =2 x log. of 272 + log. of 2+9)___ 


2p+p) —91* 
DEMONSTRATION, 
„ e eee _ 
Hf ee e 1 
#+261+19 : conſequently, log. 2 + 21,222 
T 5 S * 


= log. . Q, E. D. 


D 0 „ . A N . 


If 9 = 1, and we write u for. p, the theorem becomes 


; n+1 | 2 2n+112 1 
log. —.— 2 2 log. — — log. == which expreſſion 


oh | is of more e than that above. 
B 2 1 HE O RE M. 


ee 
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THEOREM II. 


+9 = 2þ+9 aþ +0» 
Log. —- = 2 log. "Tl" 8 . 2p +1*—12 


NEL x EIS = BEN £4, 22 
. 7 5 7 therefore, log. = 
2þT 29 2551 
log. 75 5 + log. But it has been proved . 
that lo = = 15 LL CET a 
8 8 + log. Aw yin If now we 
take this UE”: 735 twice the laſt, thers TY remain 
2 2þ + 29 
2 log. = log, 2 2 log. 25 77 + 2log. 
2þ +29 2p +91? * wy = 
Fs Fee I: that 1s, log. log, 22 log. 
2p +91" 


© . . D 
2þ +9\ —19 * 


COROLLARY. 


Putting Fo = 15 and n =þ, as above, we have 
=210 —.— — 1 — 
= gs = Og. 2 


I will now ſet down ſome examples of the uſe of 
theſe FREE beginning with theorem 1. 


Fg The 
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The firſt example of the utility of this theorem may be in 
computing the logarithm of the number 2. 


It is well known to mathematicians, that the compu- 
tation of this logarithm was formerly a very laborious 
taſk: and although the work be much ſhortened by 
help of the converging ſeries invented by the illuſtri- 
ous Sir ISAAC NEWTON, ſtill the logarithm of 2 has 
not been directly computed without many figures by 
any theorem I have yet ſeen. The eaſieſt computa- 
tion of it that has come to my hands is in page 44 
of the late ingenious Mr. THOMAS SIMPSON's * 
pamphlet on Trigonometry and Logarithms. His 
ſeries conſiſts of the 1ſt, 3d, 5th, &c. powers of 3. 


If now we put Di in. the theorem muck 


= 2 log. === + log. ==; = we ſhall have log. 4 


2 log. + + log. 2. Here then the fractions, whoſe odd 
powers are to he uſed, are 7 and av; conſequently, in the 
ſeries formed from +, about one half of the number of 
terms taken by Mr. SIMPSON will give the reſult true 
to as many places of figures as his; and, from the frac- 
tion , much fewer terms will ſuffice. To ſhow how 
faſt theſe ſeries converges I will ſet down, of each, 
terms enough to give the logarithm of 2 true to ten 


places of figures. 


+I 


* The ſme ſeries may be found in the learned Dr, Saunderſon” 5 Algebr a. 


The 
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The odd powers of + divided by their reſpective 


indices. | 
1ſt, o©*14285714286 
3d, 0*000971817 
5th, o-00001189980 
5th, oco0000017347 
gth, ov00000000275 
iith, o:00000000004 


The ſum, o- 14384103622 is | b of ? 
4 


˙575 36414488 twice E. 


The odd powers of r divided by their reſpective 
indices. 
iſt, 0105882352941 
3d, 0100006784721 
5th, 00000001 4036 
7th, o- ooo 


ü 
t 
I 
3 
\ 
ta 


| 
| 


7 
F 
4 


The ſum, 005889151783 is 3 l. of? 
2 


Log. , 11778303566 
2 log. 3 0*575 36414488 * 


Log. of 2. 0˙6931 471 8054 


Note. It is evident to an intelligent reader, that the multiplication by 4, as 
well as that by 2, may always be avoided, And it will appear a little further 
on, that, ſwift as the convergency of the ſeries formed from i is, yet 


it is the ſloweſt that need be uſed in computing a Table of Hyperbolic 
Logarithms, ” | 
But 
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But it is obvious, that this operation gives not only 
the logarithm of 2 but that of 3 alſo: for the logarithm 
of 4 being given from that of 2, and the logarithm of? 
computed above, the logarithm of 3 is had, being = log. 
of 4 — log. of 4. 

Log. of 4 138629436108 
Log. of + o 28768207244 


Log. of 3 1 "09861228864 


_— —— m 


Other examples of the uſe of theſe theorems in ſhewing Bo 
eafily the logarithms of great fractions are derived from 
thoſe of ſmall ones. 


The logarithm of 5+ being given, or computed, we 
may very eaſily find the ee 27: for, by the- 


orem 1. 2 log. 34 + 10g. 2 * log. . Here the frac-- 


tion, whoſe odd powers are to be uſed in the ſeries, is 
73773 and the very firſt term of it will give the loga- 
rithm true to twelve places of figures: 

Again, if the logarithm of {+ were to be computed 
from that of ++ found "RO we ſhould have 2 log. ++ 


+ log. = an = log. . Here the fraction to be uſed in 


the Sek is Wi the firſt term of which will give the. 
logarithm true to ten places of figures. 


In: 
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In like manner, from the. logarithm of +$ we may find 
that of +; from logarithm of + that of ?; and from the 
logarithm of + that of +, as is done above. "The reſpec- 
tive fractions for the ſeries will be , , and i. 

Thus far the fractions I have taken have even num- 
bers for their numerators ; let us now take one whole 
numerator is an odd number, 2. Here being = 315 
log. (4) = 210g. 4+ log. 5x3 and the fraction whoſe odd 
powers are to be uſed is +5. Hence we have the log. 
of + (for + +— + = 7), and may proceed to find the loga- 
rithm of 2 as above. But the logarithm of + may be 
directly derived from the eqation thus: theequation in 
other terms is, log. g - log. 7 = 2log. 9-2 log. 8 log. 83; 
then, wy tr Tg log. 8. — log. 7 log. 3 log. 8 
+ Tog. , or log. 7 = log. + + log. . 

But when the numerator of the fraction whoſe loga- 
rithm1s given is odd, theorem 25, is more commodious. 
For, taking 2,as before, we have 2 log.2 — log. 35 =log. 5, 
where the fraction to be involved is . Again, 
2 log. 4 1 2 2 a 25 where the fraction is . 1 


8 of logarithms, as the logarithm of 8 I as wel 
as that of 2 is given. YE  oieed | 


* -Dee page 6. 


All 
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All the above calculations are of hyperbolic loga- 
rithms; but the ſame theorems hold good for Mr. 
BRIGGS's, or any other. I will give an example in the 
computation of BRIGGS's logarithm of 7 from others 
already known. 

Let the logarithms of 109 99, and 50, be given; 


then (by theorem i H alog. 5 + log. _ — = — log. 4 525 OT, 


log. Ro + 4 108. 9. — = log. +53 and then + log. 50 
— + log. 43 = + log. 49 = log. 7. 


Log. 9 — — — — o· oo4 36480 540245 
4 lo 6780 Wt 42% 29 He. ah . 

g. * (= 1 =) 0 oo ˙ 15675 128 
2 log. of 4888 oo 38696215373 
x log. of ro = — 84948 500216801 


Log · of 7 C 0:84509804001428 


s O n o l. I U u. 


Neither tha number 2, nor the fraftion is 
choſen as the "moſt advantageous to begin with in 
computing a table of Iogarithms ; but they are taken 
as ſome of the firſt that occurred, to ſhow the uſe of 
theſe theorems. Perhaps there are other inſtances 
in which they might be ſhown to much more advan- 

C tage; 
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tage; but I hope their” uſe will appear from the few 
examples given. They may indeed be transformed ſo 
as to be more commodious in particular caſes, and 
there may be ſome others derived from them, one or 
two of which I will here put down. 


It is evident from theorem 1. and 2. that 2 log. 22+22 


2þ +7 
2þ +4. 0} 
+ log. —_—_ - Sm conſe- 
ently, 2 log. 222! T2 log. Th = 2 log, £2 
qu 75 2 Og 2þ+7 2 log (> > oy EM So 5 Or, 
log. log. PTY: + log. Th 


2þ ＋ 7 
be called theorem 3. 


Again, this equation may be thus expreſſed : : log. 


Sa" which may 


2p+q-log. 2 þ=log. 2 þ+2 q—-log. 2 p log. 2 = T0 3 


and, by tranſpoſition, 2 log. 2þ+q = log. 2þ+ 29+log. 2þ 


2p +91. „ Which may be called theorem 4. 
2 T7 — 77 


And this is, in effect, one of the theorems given by Dr. 
HALLEY, in the Philoſophical Tranſactions, No. 216, 
and of which, on account of its quick convergency, 


the doctor ſaid, that, in his opinion, nothing better was 
to be hoped. 


+ log. 


There 


— —— — > + 
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There are yet ſome contrivances, different from 
thoſe mentioned in the beginning of sHERWI 's 
book of mathematical tables, or any other that have 
come to my hands, whereby the labour of computing 
a table of logarithms is ſhortened; but to explain 
them would require more time than my preſent 
ſituation affords me. 


The obſervations and reaſonings which led me to 
the diſcovery of the above theorems, I imagine, 
need not here be mentioned. Such as they are, I 
beg leave to lay them before the candid and ſkilful in 
theſe matters, in hopes that the invention will appear 
to them, as it does to me, a uſeful one. 


It has, indeed, been objected, by a gentleman of my 
acquaintance, that improvements in the conſtruction 
of logarithms cannot now be uſeful, becauſe logarithms | 
are already conſtructed. 


I anſwer, That argument, if it has any weight, 
operates equally againſt Sir IS AA NEWTON, Dr. 
HALLEY, Mr. COTES, Mr. SIMPSON, and ſeveral 
other ingenious mathematicians ; for logarithms were 
invented, and tables of them conſtructed, before their 
time. So that, if I ſhould be thought to have miſem- 
ployed my time in improving the computation of 
theſe artificial numbers, I have ſome conſolation 

8 1 in 
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in thinking, that I have therein followed the 
example of the very reſpectable company juſt men- 


tioned. a a 641-4; 
I truſt, however, that, with mathematicians, 


every improvement in calculation will be accept- 
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2 + 44A Y 1h 


On the Computation of Logarithms: containing ſeveral new 
T heorems for that purpoſe, and a new method of conſtructing 
a Table of thoſe artificial Numbers. 


HE ſubſtance of this eſſay is taken from 
papers of which a hint was given towards the 
end of the preceding one. The theorems were ſelect- 
ed from a conſiderable number, where it was not eaſy 
to determine which were the moſt uſeful. All the 
ſeries here given converge very ſwiftly, but ſome of 
them about twice as faſt as any other, that I know of, 
yet publiſhed ; the approximations to the values of 
thoſe ſeries have different degrees of accuracy, each 
of which is aſcertained; and the method, thence 
derived, - of computing, examining, or enlarging a 
table of logarithms, is very eaſy. 


THEOREM I. 


If there be four numbers, A, B, C, and D, in a decreafing 
arithmetical progreſſion, whoſe common difference is 1, that is, 
if A—1=B, B—-1=C, andC—1=D, and if you 
fut C Da, _ = Ps the modulus of any kind of logarithms 

| = M, 
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1 — . 
=M, 2p*a® + 552 55 Se. Sy 


then fhall S 3 log. C + log. A — 3 log. B — leg. D. Or, 
uſing the above notation, 


THEOREM 11. 


. I 1 
2 M x the ſeries —— + — ==; + —= 
2pa 3 


=" 3x apa? f 8 N pA -I 
Sc. =S, = 3 log. C + leg. A — 3 lag. B — log. D. 
The demonſtration of theſe two theorems being 
contained in the inveſtigation of the two that follow, 
it may be omitted here. 


EXAMPLE. Let the four numbers be 4, 3, 2, and 


er cee 42 = = $= and pn cet 


d by theore 2 — . — 
and by m 1, we have Mx: 7 =- 1 


c. &: which ſeries has a degree of convergency, 
that, for moſt other purpoſes, would not be conſidered 
as contemptible. But, by theorem 2, we have 2 pa*—1 
=12'8—1=11'8, and S 


M x: 16949152542) 
+ 0100040575 392 
+ ©*00000174045 > So 16989903681 M=— 
+ 0*00000000897 
+ ©*00000000005 


3 log. 
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3 log. 2 + log. 4 3 log. 3 log. 1; or, becauſe log. 4 
_ =2log. 2, and log. 1=o, we have 5 log. 2 — 3 log 3 

=S, If now we put M= 1, and take the hyp. log. of 
5, computed in Eſſay I. page 7, = 0128768207244, and 
call it b, we ſhall have 2 log. 2 (S log. 4)=6 + log. 3, 
or log. 3=2 log. 2 — b, which being written for it in 
the equation above, we have S = log. 2 + 36, or 
log. 2 35 S. 


35 086304621732 
S = 16989903681 


Hyp. log. of 2 = 0169314718051 


It is obvious that the laſt ſeries, though it con- 
verges pretty faſt, yet does not converge ſo quick as 
one in page 6, nor is the calculation of the hyp. log. 
of 2 by it ſo eaſy as by the ſeries derived from +, not 
only becauſe 17 is greater than 11-8, but becauſe the 
diviſions by the former, conſiſting of fewer figures, 
are more eaſily performed. But the proper uſe of 
theſe theorems is not to find the logarithms of {mall 
numbers, but thoſe of great ones from the logarithms 
of others next them. 8 yy 

The value of p in the above theorems, it is evident, 
while the progreſſion. is of any whole poſitive num- 
bers, cannot be greater than ?, nor ſo little as x ; for it 


will 
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will always be =4 + 2 7 conſequently, the greater 4 


is, the faſter will the ſeries converge. 


EXAMPLE II. Let 4, B, C, and D be 1092, 101, 100, 


tos 
201 


. - 8 4 ＋2 FAR 
and 99; then, @ being = 100, we have —— = 2 


0*507462686567164 &c. and pa = 507462*686567 164 
&c. and by theorem 1, S 
Mx: o+000001970588235294 
+ 0*000000000001 941 22g ese 590176905 M. 
+ ©0*000000000000000002 


By theorem 2, we have the ſame value of & from 
| 402 
203999799 


the very firſt term of the ſeries, which is M x 
= 0+000001970590176905 M. 


THEOREM III. 


If there be five numbers, A, B, C, D, and E, in arith- 
metical progreſſion, whoſe common difference is 1, that 1 


A-1=B, B-1=C, Sc. and if you put C=a, _ ==; 


the modulus of any kind of logarithms M, and M x the ſeries | 
— — , Sc. = E; then ſhall & 


744 +1 1 a x 147 Pil Y 3X7z4++1 


4 log. B + 4 log. D-6 log. Clog. A-log. E. Or, 


S 779 


THEOREM 
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THEOREM IV, 
Retaining the notation uſed in the laſt theorem, 2 M 


ET pI. 7 + ——— > OR 
T. = 4 log. B + 4 log. D = 6 log. C — hg. A = log. E. 


EXAMPLE. Let A, B, C, D, and E, be 5, 4, 3, 


. 44 — 442 
2, and 1 reſpectively; then, a= 3, r 


81-36 
25 486 —36+1 © act 


= 9˙ 08203991131, and, by theorem 3, E = M x: 


= 0*09977827051 very nearly, na*+1 


I 


A „ | 
5.582039 13 7 © 3x 585 &c. Or, by theorem 4. 
E=2Mx:t 


&c. which 
| 1716407982262 f 005 —— C. WAIC 


ſeries converges ſo faſt, that, for moſt other pur- 
poſes, it would be a deſirable one; but, for the 
reaſon given in page 15, it is not ſo eligible as the 
ſeries formed from +7. 

The value of a, it is evident, while the progreſ- 
fon is i any whole poſitive numbers, cannot be leſs 


than ; (= i = 33555) nor ſo great as +; for it will 


2042 +1 
always 8 = = Jef: and therefore, when a 


is a large number, as in the proper uſe of theſe theorems 
| D it 


18 COMPUTATION OF LOGARITHMS, 


it always will be, the ſeries will converge very 
ſwiftly. 


EXAMPLE II. Let the five numbers be 102, 101, 
a+ — 442 


100, 99, and 98; then, a being = 100, nn 


=", 18= —— = 555555555 = ©0*166611107129 
&c. and xa +1 = 166611117129 &c. and, by theo- 
rem 3, T = 
M x : 0+000000060020004 501 
+0*000000000000001 801 

By theorem 4 we have, from the firſt term of the ſeries, 

1199920002 

19992000 599960001 

To find to how many places of figures & is given by 
the firſt term of the ſeries, in theorem 4, when à is 


| 0*000000060020006 302M, 


= M Xx o*00000006002000630204 &c. 


- 1 276 0 
100, call z W; then, zr = 2 =?, and 57 = 


9 
— . — for an approximate value 
I COOOCOC OO COOOOQOOOOOCOOCOOOOC 


of the ſecond term : conſequently, the logarithm ob- 
tained from the firſt term of this ſeries, when a — 100, 
will be true to twenty-three places of figures. 

And hence it is evident, that, if a had been 1000, 
the logarithm computed by the firſt term of the ſeries 


would have been true to thirty-five places of figures; 


if a had been 10000, the logarithm would have been 


obtained to forty-ſeven places. 
In 


we, 


2 ee 2 
. ˙ . 


o 
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In like manner may the accuracy of any term of 
any of the above ſeries be aſcertained. It appears in 
the calculations of the ſecond example of the uſe of 
theorems 1 and 2, that, when à is 100, the value of 


2 M 5 
-» the firſt term of the ſeries in theo- 


2pa 3 — 


S given by 


rem 2, is true to eighteen places of figures; and if 4 


had been 1000, which perhaps 1s as ſmall a number 
as need be uſed in computing a table of logarithms, 
after the modulus is found, the ſame term would have 
given S true to twenty-ſeven places of figures. 

Now, as the logarithms obtained from the firſt terms 
of theſe ſeries are true to ſo many places of figures, 
we may find an approximate value of each of the co- 
efficients, p and 7, and thence derive other theorems, 
which ſhall be exact enough for the common caſes, 
but ſhorter and more eaſy in their application. 


| ng | . 
The value of 5 5 5 in a ſeries, is 1 + 4 7 


3 8 
+ r &c.; conſequently 2p 424 
Ti- ISA +3 a* -3 a = very nearly, and 


3 e very nearly, which, for eaſe in calcu- 


. 4 M 
lation, may be reduced to a H g= nearly, 


1 
253 — 1 


(the difference from the truth being leſs than 
D 2 M 
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M 
ar as will be ſhown hereafter,) which may be 
called THEOREM V. 


EXAMPLE. Let the progreſſion be, as above, 102, 
101, 100, and 99, and M=1; then, we have S= 


4 ts eee e 
2000000 + 30000 - 150 —1 25 2029848 75 G'0000019 eien 


8c. erring only in the fifteenth place of decimals. 
And if the numbers were 1002, 1001, 1000, and 999, 
the value of S, computed by this theorem, would be 
true to twenty-one places of figures. 


. . — 10 
The value of x alſo, expreſſed in ſeries, is + - 5-5 


184 2 

Kae. and therefore, 22 T1 = A2 = =a - 8 

108a+ | 7 N 3 9 54 

+ 1 very nearly, = 3 47 4. > ant ——_ = 

Ter- er nearly, or, for eaſe in calculating, 
18M 


e nearly; (the error being leſs than 
M 
_ ;) and this may be called THEOREM vi. 


EXAMPLE. Let the progreſſion be 102, 101, 100, 


and 98; the . — — 
| 991 © 9 | b webs have & | 390000000 — 100000 + 1* 8333 
&c. = 18M 


77 a, = Mxoro00000060020006301 J 
c. erring in the twentieth place of decimals. 


EXAMPLE 
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EXAMPLE II. Let the five numbers, 4, B, C, D, 
and E, be 1002, 1001, 1000, 999, and 998, and let 
= 1, to find > true to fourteen places. 


We have E= > 


2999|990000001*8+ 


= 0*000000000006000, 


where the work 1s very ſhort, as all the figures to the 
right hand of the perpendicular line in the diviſor 
may be conſidered as cyphers; or indeed we may 
uſe only 3a*%, the firſt term of the diviſor in 
theorem 6. 

And hence it is evident, that, had a been = 5000, or 
upwards, and M= o- 43429 &c. the modulus of 
BRIGGS's logarithms, and the reſult wanted only to 
fourteen places, Z might have been put = o, and we 
ſhould have had this equation, S = o = 4 log. B + 4 log. 
D 6 log. C- log. A— log. E, where it is very evi- 
dent, that, any four of theſe logarithms being given, 
the fifth may be found by a ſimple equation. 

But what renders theſe theorems the more valu- 
able is, that & and & are the third and fourth differ- 
ences of logarithms, as will appear in the following 


Yr. rF Te 
Let there be five numbers A, B, C, D, and E, in 
arithmetical progreſſion, whoſe common difference 


18 Ig that 18 let of 1 = B, B — I = C, | &c. and 
Wy call 


<2 


22 


call C, a; then, by 
have 


Firſt Differences of Logarithms. 
Log. = log. A- log. B 


Log. log. B- log. C 
Log. 55 log. C- log. D 


Log. = =log. D log. E 


Third Differences of Logarithms. 
3 log. C + log. A— 3 log. 33 log. D log. 5557 


3 log. D + log. 5 — 
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the nature of logarithms we 


Second Differences of Logarithms. 


2 log. B—log. A- log. C=log. 7 
2 log. C— log. B— log. D =log. y 


D2 
2 log. D—log. C log. E = log. &F 


C34 


3 log. C log. E = log. 27 


Fourth Difference of Logarithms. 
4log. B +4 log. D- 6log.C — log. A— log. E S log. 5575. 
And by writing a+2 for 4, a+1 for B, a for C, &c. we have 


Firft Differences of Logarithms, 


B4D4 


Second Differences of Logarithms, 


Log. A log. B log. | ; 

p64 2 log. Blog. A-log. C=log. CET bl 

Log. B — log. C log. — axa+2 
log. C-log. B log. D log. 

Log. C- log. D= log. 2 — 08 : 2 8 a2 4 —1 

22 log. D- log. log. E =log. 2 = 

Log. D log. E= log. _ S e 8 —= 


Third 
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Third Differences of Logarithms. 


4 log. C + log. 4 — 3 log. B — log. D = log. a3 Xa+2 


a +11? X44 —1 


3 log. D + log. B — 3 log. C — log. E = log. — 


a3 Xx 4—2 


Fourth Difference of Logarithms. 


4 log. B + 4 log. D — 6 log. C - log. A— log. E log. 
Dr 


as Xa+2Xxa=—2 


In the above table it appears, that the firſt of the 
third differences of logarithms is 3 log C + log. A— 


| 3 Xa+2 
lo B lo Da lo 0 a? Xa+2 - — 
3 108 8 8 4a PII“ xa=1_ Now, 4 II „21 
. at +243 . 50 as | | 
is = eg, Which, by dividing both nume- 
a +2 


rator and denominator by 241, becomes 4* a © 


a ＋2 , a+2 
a'* r 1; and if we put 557 =þ, and the mo- 


dulus of any kind of logarithms = M, we ſhall have 
3 log. C + log. A — 3 log. B — log. D = log. 
a Xa+2 p43 


a TI xXa—1 * 


— + Ka. which is THEOREM TI. 
2. Pa? 2 3. Pa i 


. . I 
in ſeries, = M *: r 


= log. 


I 


But 


8U— OO ðVjtiͥ —— — 


expreſſion will become 
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pa? 
Pa —1 


But the logarithm of is known to be alſo = 


e. Conſe- 


M * 2 


2 2 2 
2þa3 —1 * 3. % — 10 3.4 5. 2541] 
quently, we have 3 log. C + log. 4 — 3 log. B— 


1 1 1 


log. D=2 M*: „ * ——_—; 
8c. which is THEOREM II. 


In the above ſcheme it alſo appears, that the 


fourth difference of logarithms, 4 log. B 4 log. D — 


6 log. C- log. A- log. E, is S log. 5 But 


a Xa+2 X 4 —2 


TI! „ i * as —42 46 — 44 +1 S. x a5 —4a2 |) 
1 — I 
a Xa+2Xa—2 #200” 1 


24 — 422 
. 4 
— 4 * 6 442 +1. 


- . at — 4a 2 Ts 
and if we put GETS wy and 


the modulus of any kind of logarithms M, the laſt 


Ta +1 ICLY . . 
—— and its logarithm will 


be =either M x ; —— + 7 
arri . Tarif 3, ric. 


1 


1 
— + — ———— 
nn 3. 2744 +1]3 P 5. 2144 ＋1 5 Ce It 


therefore follows, that 4 log. B + 4 log. D — 61og. C 
—log. A- log. E is = 


or2M x : 


M 
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1 1 1 0 
_ Ir © TR Ts &c. which 
is THEOREM III. 


1 


1 1 0 
= * 14 1 +1 + 3. 27 +1? = 5. 24 4 +15? &c. which 
15 THEOREM IV. 


Before we make any obſervations on the ſeveral 
other expreſſions contained in the table of differences 
of logarithms, it may not be improper to aſcertain 
the degrees of accuracy of the approximations to the 
values of the ſeries given above. 

As the ſecond term of the ſeries in theorem 2, 1s 


2 M n 2 M 
3. 25 2 —36p*a® 


M ; 
the firſt term, —r be expreſſed in a ſeries, all 


—z, it is evident, that, if 


the terms of it in which — is not found will be true, 
and that the error will take place in that term in 
which = enters. Now, ſince the value of p, in 


3 3 3 3 3 


. | = 1 7 3 * 2 8 
ſeries, IS 2 + 4a 84 2 P 1643 32a. + 64a 5 &c. 
2þa* 1 will be=a*++ a* A- = 37 a=" + 5+ a 

2 M : | 
c. and 75 will be= 2 M: a +408 - 2 4 
; 2 6 10 
— * =" Tra- WC. Mx: F TI 


E + 
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+ 5 — 3, &c. which ſix terms, it is evident, are 


; TED... 3 
true. But 2 Ma Tia -a is = Mx: = — & + 


3 = %c. which differs from the value of 


2M + 2 —7, expreſſed in ſeries, by defect, the 


firſt term of the error being — 357 „Which indeed, in 


a 


the proper uſe of the theorem, will be a very ſmall 
quantity. 


In like manner it 1s diſcovered, that 2 M — 


42 


— 6 | 
2a — 4 +37 M*: 4 4 +3 e Kc. 18 leſs 


than 5 the firſt term of the ſeries in theorem 4 ; 
Ta I 


6.M f 
and that the firſt term of the error is — — - which, 


when à is a large number, will be an exceedingly 
{mall quantity. | 


From what is done above it is obvious, that, as 
many of the leading terms as are taken in the diviſors 
a ++ 4a* 42 — + and 324 4 +33, fo many 


terms will be obtained in the ſeries M*: = + 
6 IO _ 6 6 ä 
7 8 = &c. and M X » _ 4 58 + —= &c. reſpec- 
tively. 


And 


A 
my 
*- 
„ 

E. 
24 
85 8 
* 
f 
4 
* 
4 « 

} 

be 
4 


PE: 1 n 2 0 ' n „ EE.» I r 7 — 
1 8 3 13 E Sa 2 = ANT A. wow” . 8 a _—_— * I 8 e od 9 2 * * St * 
= = y 1 "1 5 2 * * 4 * Y 6 % 1 . * * E * E * > _— » 4 K > £4 Ts 3 4 * + 1 f , N : 
n n % fey Ty 5 . 1 Ne 8 Lao > z A . — * 2 9 1 F 
: N . N e 8 b, : f 2 k $4. nh # 2 8 * 
WY 1 N * 6 N 2 * = we Wo 2 * p d. 
vx A n "Rx — 8 n 0 8 
FRA. oa Pos — — 4 * & Wu, 8 f þ 
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And hence we have different approximations to the 
values of Sand E, the third and fourth differences of 
logarithms. | 


For the third Differences we have, 


e f 1 
ny 2585 — £ 2] 
2 — 21-4 
. rr 6. 
e Which, when places of 
3+ = _ is 1000, 18 1 figures 
5 5 gives Strue to 8 5 
4 M | 
4 243 +3a* 15 
| 2 M | i 
5 2 par” } | 12 
For the fourth Differences wwe have, 
2 M ? 8 \ 
To 27a* +1 35 
18M : 
2. 757 Toft] Which, when | 29 ces of 
10 17 > 4 18 = Iooo,« 1 
3. 347 — 1037 glves true to| 23 8 : 
6M | 
2 I 
4 2 ) E 


If we look back to pages 22 and 23, we ſhall find, 
among the ſeveral algebraic expreſſions contained in 
E 2 „ Ke 
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the column of fr/ Br of logarithms, theſe two, 
log. B — log. C= log. , and log. C — log. D = 
log. 22 from which the following well known 


ſeries are derived: 


4241 I, I I I I 
Log. =Rxt>— ox to e &c. 
a 2 1 1 2 3 I g 
Log. ; 1 ** 7 242 * 3a + 44 + 5a C. 


And by taking the product of theſe numbers, and 
the ſum of their logarithms, is obtained another ſeries 
which converges twice as faſt as either of the preced- 


ing ones: viz. 


— 2 
N =r+ = &c. 


And by help of this ſeries * the before mentioned 
two firſt differences of logarithms are expreſſed 


thus : 
Lo = —=2Mx: — 4 . g 
= x F 3x2a+n? ; 5X2a+1)* C. 


a 0 1 CEL 5 
Log 25 MN: ee. c. 
each of which ſeries converges, in general, above 


twice as ſwiftly as either of thoſe by which theſe 
logarithms were at firſt expreſſed. 


dee S:mp/or's Conſtruction of Logarithms, 
In 
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In the column of ſecond differences we find 2 log C — 


aa 


log. B —log. D= log. » which expreſſion admits 


_— 


of an eaſy converſion into the following ſimple ſeries, 
Mx: = + 1 + 7 + = &c. But, it is evident, 
from what was done in page 28, that the ſame 
logarithm is expreſſed by this ſeries, 2 M*: 


I 
244 ——L 


= 
= + = &c. een, in general, will 
converge ſomewhat above twice as quick as that im- 
mediately preceding it. And theſe, with one * for 
calculating a ſecond difference from the ſum of two 
firſt differences, are all the principal ſeries for com- 
puting logarithms, that I know of, which have 
hitherto been publiſhed. | 

In the column of third differences we find but two 
expreſſions, from the firſt of which were derived the 
{ſeries given in theorems 1ſt and 2d in this Eſſay. The 
ſecond expreſſion is 3 log. D + log. B — 3 log. C 


a —1\* Xa+1 . 1 
> from which the two following 


log. E = 


a* Xa—2 


THEOREMS, (which may be numbered 7 and 8) are 


* The ſeries here meant is the quotient which ariſes by dividing the 
a+1 
» 
4—1 
one of Sir Is AAc NEWTOR's. 


ſeries expreſſing log. N 


by the ſeries which expreſſes log, „It is 


44—1 


deduced 
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deduced by a method ſimilar to that uſed in page 23. 
. 42—2 

For, putting —— = 9, and the modulus = A, we 


obtain 3 log. D + log. B— 3 log. C — log. E = either 


&c, or2M x: 


I T « 
2a +1 * 2 NF FN be 3 * qa3 +1? 
2 + 7 = = + = &c. And hence one 
might eaſily obtain five approximations ſimilar to 
thoſe on page 27. 

In the column of fourth differences there 1s but one 
algebraic expreſſion, from which were derived thoſe 
very ſwiftly converging ſeries which were given in 
theorem 3 and 4. 

Having taken a view of the ſeveral expreſſions con- 
tained in the table, pages 22 and 23, and of the ſeries, 
thence derived, for computing 1ſt, 2d, 3d, and 4th, 
differences of logarithms, independent of each other ; 
let us now ſee what relation thoſe differences have 
among themſelves, as we ſhall, by that means, ob- 
tain ſeveral other theorems which will be uſeful in 
computing or examining a table of logarithms. 

In order to this, it ſeems beſt to write down thoſe 
differences 1n ſeries of the ſimpleſt form they admit. 

And retaining the notation which has been all- 


along uſed in this Eſſay, we have, 


N 1! 


Firſt 
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F Firſt Differences of Logarithms. 


* 
— 

Lend 
Wi 
— 

— 
— 


(Log. A- log. B=) Mx : — > 2 + => = > &Ce 


I I I I I 
&C. 


(Log. B- log. C Mx: 


I 
a 
I 
a 
(Log. C—log. D=)MX : — + Ros” os 4. ts eg &c, 
I 
8 


(Log. D—log. E) MX 1 


Second Differences of Logarithms. 


8 2 14 6 62 

2 

vas 2 I 4 6 62 
e TIF TEM — 


2 2 3 
e ee eee 
8 3 6 10 : 
6175 


Fourth Difference of Logarithms. 


rep 20 
** ** +. . 


On inſpecting this table of ſeries, the following 
particulars are obvious. 


1. That 
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1. That, of the four ſeries expreſſing firſt differ- 
ences of logarithms, the two middle ones, on account 
of the ſimplicity of their co-efficients, are more 
eligible for the purpoſe of numerical calculation, than 
the other two. 

2. That, of theſe two middle ſeries, that which 
has all its terms affirmative is more eligible to calculate 
by than the other, in which the terms are alternately 
affirmative and negative. 

3. That, of the three ſeries expreſſing ſecond 
differences, the middle one is moſt eligible for calcula- 
tion, on a double account: as the coefficients of it 
are more ſimple than the co-efficients of either of the 
other two ſeries, and as it converges twice as faſt by 
the powers of 2. 

4. That, of the two ſeries which expreſs third 
differences, that in which the ſigns are all affirmative 
is the moſt eligible for numerical calculation. And, 

5. That, of all the ſeries in the table, none con- 
verges by a higher power of a than its ſquare. 

And if we compare thoſe ſeries in the above table 
which expreſs third and fourth differences of 
logarithms, with . the ſeries in page 27 which expreſs 
the ſame things, we ſhall ſee the agreement of the 
reſults of very different proceſſes. 


In 
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In making theſe obſervations one can hardly over- 
look the advantage which one ſeries has over another, 
in point of convergency, though both expreſs the 
ſame thing. The ſeries in the above table, which 
expreſs third differences, converge only by fingle 
powers of a; the ſeries given in theorems 1 and 2, con- 
verge, the one by cubes of a, the other by fixth powers 
of a. Again, the ſeries in the table, which expreſſes 
fourth differences, converges only by /quares of a; the 
ſeries given in theorems 3 and 4 converge, the one by 
fourth powers of a, the other by eighth powwers of a. And 
it will be no difficult matter to reſolve either of thoſe 
very ſwiftly converging ſeries into two others, of 
peculiar relation to each other, and not incumbered 
with co-efficients, which ſhall converge twice as faſt ; 
for inſtance, that which now converges by a* into 
two others which ſhall converge by a! But of this 
hereafter. | 

I come now to the principal uſe of the above table, 
To find the relation which the ſeveral differences of 
logarithms have to each other. 

It is indeed equally eaſy to find what relation any 
one of the above feries has to any other; but as all 
thoſe relations would take up more room than is 
conſiſtent with the plan of this work, I ſhall at preſent 
make no more uſe of the firſt and fourth of the firſt 


F differences, 
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differences, and the firſt and third of the ſecond 
differences; the reſt are denoted by the following 


characters : 


a = M x; —=——— + — — — 8c. 


c M x* ab 3 1333 3 Kc. 


a 24 343 4a 
8 * Mx: A tp &c. 
y = M* 2 2-2 2 — 2 &c. 
7 = M x2 5 2132 &c. 


PEP «6 8 
J = M*: TATA Kc. 


If now we put P for the quantity by which a being 
multiplied, the product ſhall be = 2, we ſhall have 
« * PD; and then, by diviſion, Pg , Mx: 


1 . 
. c. MR => + * Ke. 


247 3a a ga? 


—— — + Kc. which value of P being written 


a 86 


for it in the former equation, we have a new one 
(the firſt equation below,) in which the relation of 
« to E is expreſſed by a ſeries clear of M, which, in 


BRIGGS's logarithms, is a troubleſome number. And in 
like 


12a 3 
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like manner the other ſeries in the following thirteen 


equations were obtained. 


For calculating SECOND DIFFERENCES from FIRST DIFFERENCES, 
by a MULTIPLIER. 


x ic, I 
1. 2 X - 7 * 24 * likes © — 41 — = Wc. = 8. 
C 1 FRA 
$6: "G..X. > a 24 15 1243 244 Kc. 8. 


For calculating THIRD DIFFERENCES from FIRST DIFFERENCES, 
by a MULTIPLIER. 


1. 26 x35 = K ber — = &c. = 7. 
2. 2G x 2 2 = A + cc. = v7. 
20 X21 = — = 2 —— &c. = Y 
4. 2) X 225 + = + — T * &c. = . 


For calculating FOURTH DIFFERENCES from FIRST DIFFERENCES, 
by @ MULTIPLIER, 


„, Ge : e TT Ee 
1. 6 & X * 425 24 4a Co — EF 
| a3 2a+ 4a5 6 . 


For calculating THIRD DIFFERENCES from SECOND eee, 
by a MULTIPLIER, 


a 2a? 243 72 


F 2 2. 


* . : 2 
8 . - 
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© ＋ Kc. = 7. 


1 | 
2. 28 *: 1 A + 8 


For calculating FOURTH DIFFERENCES from SECOND DIFFERENCES, 
by a MULTIPLIER, 


* — — 


66 *: = ＋ 


For calculating FOURTH DIFFERENCES from THIRD DIFFERENCES, 
ya MULTIPLIER. 


But the relation which theſe ſeveral orders of dif- 
ferences have to each other may alſo be expreſſed by 
means of ſeries that are to be uſed as div/ſors; which, 
in many caſes, will be more commodious than thoſe 
that are to be uſed as multipliers. 

Of the ſeveral methods that might be uſed in find- 
ing ſuch ſeries, I take the following: 

Put æ = R= 2; then 185 & be = 8 A, and 2 8 8 


＋ E, Mx: 2 I &c. = + Mx: = + Tos ps 
| —7 Kc. Sa- =- = — Kc. And by a ſimi- 


lar proceſs the other ſeries in the ſubſequent thirteen 


equations were found. 
For 
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For calculating sx co DIFFERENCES from FIRST DIFFERENCES, 
by a DIVISOR. 


I I I 

IJ. . — 4a — 7 c. = o 
* 4 1 = 2.9 5 1 

2. c ww ad” * a + 2 ba 20a 5 Wc. = 8. 


For calculating THIRD DIFFERENCES from FIRST DIFFERENCES, 
by a DIVISOR. 


1. 24 72 a +a— + 4 * Kc. = Yeo 
U 1 / 
2. 2822 * _— 88 C. = .* 
2a + 3 + 2 7 

1 1 
. 24 —: a 8 Co = . 
3 + 24 + : 77 N 7 
4. 26 : 4 —a— + + * Nc. =». 


f \ 
For calculating FOURTH DIFFERENCES from FIRST DIFFERENCES, 


by a DIVISOR. 
1. 6a+:a* —4a* — 3a + Kc. =. 
2. 6&H;a% +14a* — 34 - H &c. = g. 


For calculating THIRD DIFFERENCES from SECOND DIFFERENCES, 
by a DIVISOR. 
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For calculating FOURTH DIFFERENCES from SECOND DIFFERENCES, 
by a DIvIsOR. 


For calculating FOURTH DIFFERENCES from THIRD DIFFERENCES, 


by a DIVISOR. 
* 


2. 37 : 4 11224 & Kc. 8. 


The uſe of the above twenty-ſix equations, as well 
as the greater facility of calculating by the latter 
thirteen of them than by the former, is too obvious 


to an Alzebraiſt to need any explanation. 


Let us now come to the CONSTRUCTION of @ TABLE 
of BRIGGS's LOGARITHMS. 


Here the firſt thing to be done 1s to find the modu- 
lus, which may be performed ſeveral ways. An Alge- 
braiſt might eaſily do it by help of the theorems given 
in this Eſſay. Or, the hyperbolic logarithm of 10, 
which is well known to be the reciprocal of the mo- 
dulus, might be quickly computed by ſome of the 


theorems in Eſſay I. Or, a calculator who would 
avail 
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avail himſelf of his former work, might very eaſily 
compute the hyp. log. of 10 thus: Since h. J. 3 was 
computed in page 7, the h./. 9 is alſo known; and if 
to that we add þ./. = which is — o. + = +2 


. 
+ O©*0001 , ©*00001 


— + &c. the H. J. 10 will be had. Or, it 


may yet be computed in a different manner by means 
of the iſt, 3d, 5th, &c. powers of 5; which, as it is 
new to ms, I will here give. 


Put 7 Iv 25 c. = A, B, C, &c. then will Z 


h. Oy noi B ++ C +7 D, &c. which is a well 
known * 5 1 H. I. 2 will be 


N = „ l . fag &c. 


po II 25 15 17.19 
1 2 
N 2 9 
of which ſeries the inveſtigation ſhall be given here- 


after. The numerical work may ſtand thus: 


For the Hyperbolic Logarithm of +. 


AS 11111111111111 


1 


3 B= eee ee 
3 C =01000003387017562 
H D = o- 000000029 867880 
3 E = 0* 000000000286797 
F = 0* 0000000000289 7 
15 G =.0* 0000000000000 30 


The ſum is 3 5. J. 41 0 111571775657105 = Ms 


For 
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For the Hyperbolic Logarithm of 2. 


A | A 
r = 0'037037037037037 | = 037037037037037 .* 


. = 0*000039192631785 5.7 = 0*00007838 5263570 
— = 0* 000000171001493 7217 = 0*000000513184479 
173 = 0*000000001072180 | 2577 = 0* 000000004288 721 
755 = O 000000000007991 * = O 0000000000399 56 
21.23 = O 000000000000066 3 000000000000396 _ 


Sum x } 0:037076401810552 25. 275 = ©000000000000004, 
4 . 2 Sum x 0371159398 14163 
| = — 0*148305607242208 [04-2 | 01012371979938054 

+ 04945879197 52217 = — 


is = + 4948791975221) 


| % = 034657 359027996 =" | 


| And then, 2.079441 54167976 = 61 
. O* 22314355 131421 =2M; 

And H. L. 10 2. 302 58 509299397 m + 6), from 
which we get M = o 43429448 190326. And this 
| number is ſufficiently exact for the purpoſe of com- 
| puting a Table of BRIGGsS's logarithms to fourteen 
places beſides the index, which is the limit I propoſe 
for the logarithms in the following ſpecimen. 
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The next thing to be determined, is the extent of 
the table, or for what and how many numbers the lo- 
garithms are to be computed. The limits I ſhall ſet are 
10000 and 100000, ſince it is evident that, if the loga- 
rithms of theſe two numbers, and of all the interme- 
diate. ones differing from each other by 1, be once 
obtained, the logarithms of all the whole numbers 
below 10000 will be had without any further labour 
than taking 1, 2, 3, or 4, from the index, as the caſe 
ſhall require. 

Briggs's logarithm of 100000 is known to be 5; and 
and if we put A, B, C, D, and E= 100000, 99999, 
99998, 99997, and 99996 reſpectively, and denote the 
firſt of the 1ſt, 2d, 3d, and 4th orders of differences by 
di e, /, and g, reſpectively, we ſhall have 

dq = 0+000004 3429665 363902, 

e = 0*00000000004 343031679, 

f = 0100000000000000008 68628, 

g = 0*00000000000000©000002606, nearly; which 
values are eaſily computed by means of what was de- 
livered in the former part of this Eſſay. 

Now, at firſt view, it ſeems as if a great many 
logarithms might be computed by only adding and 
ſubtracting theſe differences. A conſiderable num 
ber of them indeed may be ſo computed; but we 
muſt proceed with caution. It is well known, * 

5 © ER | 1 
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if the logarithm of A be = L, then ſhall the logarithm 
of A—n= L—nd—n. — eu. _ -. —. 10 


— 2, to a limited number of places of figures; where 


it is evident that the number of true figures will be 


the leſs as is greater. To illuſtrate this matter, I have 
added the following table, in which the co-efficients 
of d, e, f, and g are exhibited in the 1ſt, 2d, 3d and 


4th columns, reſpectively, when #= 10, 20, 30, &c. 


„ 8 222 A —1 122 * — 
E 
10 45 120 210 

20 | 190 | 1140 4845 

30 435 4060 27405 
| 40 | 7380 9880 91390 

5d | 1225 19600 230300 
&c. to i 

100 | 4950 161700 3921225 


Now, by inſpecting this table it appears, that, when 
u is = 100, the co-efficient of g is no leſs than 3921225, 
which is the number of times that the fourth differ- 
ence muſt be ſubtracted in that caſe; and conſequent- 
ly, g muſt be calculated to at leaſt ſeven places more 
than the logarithms are to have, that they may be true 


in their laſt figures. But if 2 be taken = o, then the 
cor efficient 
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co=efficient of g will be = 230300, and 230300 g, taking 
for g the value above written, will give a 6 in the fif- 
teenth place of decimals. It appears alſo, that 50, 
1225, and 19600, the other numbers in the ſame line 
with 230300, are the co-efficients of a, e, and y re- 
ſpectively, when = 50, and ſerve to point out to 
how many more places of figures each of thoſe differ- 
ences ought to be calculated, than the logarithms are 
to have. 

Theſe precautions being taken, fifty Iogarithms may 
be computed very expeditiouſly, as follows: add the 
4th difference continually to the 3d, every 3d differ- 
ence to the preceding 2d difference, and every 2d dif- 
ference to the preceding 1ſt difference, and ſubtract 
every iſt difference from the preceding logarithm con- 
tinue thus till fifty remainders are obtained, which 
will be the logarithms of ſo many numbers, viz. from 
100090 to 99950 incluſive. A ſpecimen of this arith= 
metical work is given in the following table. 


G 2 
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Now, the logarithms of the numbers from 99900 
up to 99950, are to be computed by ſubtracting the 
4th differences ſucceſſively from the zd, the 3d differ- 
ences from the ad, and theſe again from the 1ſt ; and 
by adding each 1ſtdifference to the preceding logarithm. 

Here it is obvious that the logarithm of 99950 will 
be obtained by two different calculations, which will 
ſerve to verify the work, or diſcover whether any error 
has crept into it. But indeed any intermediate loga- 
rithm, or difference, may be readily proved by means of 


the well-known binomial theorem; and if 2 be taken 


= 10, 20, &c. to go, the co-efficients may be found 
ready calculated in page 42. 
The calculation. of the fifty logarithms of the num- 


bers from 99900 down to 99850 incluſive, will be alto- 


gether ſimilar to that explained above for fifty loga- 
rithms of the numbers from 100000 down to 999 50. 
Another 109 Iogarithms, of the numbers 998 pro, 
99849, &c. down to 99750, may be obtained in like 
manner, the logarithmof 99800, (which is log. 100000 
— log. ,) and one of the ſeveral orders of differ- 
ences to the 4th, being firſt computed. Another 100 
may be obtained from the logarithm of 99700, and the 
proper differences: and ſo on, as far as is requiſite. 


But, although the calculations of the logarithms 


of 99800, 99700, &c. are very eaſily made by means 


of 
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of the fractions , 4222, &c. yet theſe logarithms 


may be more eaſily computed by making uſe of the 
ſecond and fourth theorems in this eſſay, or of the 
approximations in Page 27. 

This will appear in the following example, where, 
one difference of the 1ſt, 2d, and 3d orders, and ſeven 
of the 4th order being calculated, ten logarithms are 
had by addition and ſubtraction only. Theſe differ- 


ences are exhibited in the following table. 
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Logarithm -. 


3 0000000000000 000 


1ſt Differences. 


43451177401 ©7690 


2d Differences. 


43516459 3508 


3d Differences. 


] 


—— i... 


872 51 ©06822 


262 67 2047 


— — 


263 728087 


264 ©788834 _ 


265 854919 


208 03235 


269 085530 


Note, The inverted comma at the top of the lines in this table, ſerves to point out the poſition of the numbers for 
addition and ſubtraction, as has been mentioned in the notes to the preceding tables. 


4th Differences. 


ö 


266 926375 


| 


— 
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We haye, therefore, only to add and ſubtract the 
differences given in the laſt table, in the manner already 
deſcribed, to obtain the logarithms of 999, 998, &cc. 
down to 990. And by adding 2 to the index of theſe 
logarithms, thoſe of the ten arithmetic, progreſſionals 
99900, 99800, ITY to 99909 are obtained. | 
The logarithms of 100000 and g9goo were interpo- 
lated above, by inſerting 99 others between them; 
and when the reſt are interpolated in the ſame man- 
ner, and .the ſeveral orders of differences applied 
downward for fifty numbers below 99000, there will 
be had 1050 logarithms ; viz. of all the numbers from 
100000 to 98950. 

And in the ſame manner that the logarithms of 
the ten numbers from 1000 to 990 were computed, 
one might compute thoſe. of 989, 988, &c. to 980; 
and then, by ineo en get another thouſand or 
logarithms: : and ſo on. 

But it wall preſently appear, that the 18 of 
5000 988, Kc. to 980 may be much more eaſily ob- 
tained from the 1050 logarithms already computed. 
For, as the logarithms of 99999 and 990 have been 
computed, and 99990 + 990 = 101, the logarithm of 
101 is given: and as. the logarithms of theſe ten 
progreſſional numbers 99889, 99788, 99687 73 &C. to 
98980, are among thoſe which were calculated, and 

H theſe 
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theſe arithmetic progreſſionals divided, ſeparately, by 
ro01 give 989, 988, 987, &c. to 980, the logarithms 
of this new ſet of progreſſional numbers will be im- 
mediately had by taking the logarithm of 101 from 
thoſe of the former ſet. And then, by completing 


the interpolation between 99000 and 98900, and in- 


terpoſing 99 intermediate logarithms between thoſe of 
every two of the progreſſionals 98900, 98800, &cc. to 
98000, and continuing the operation for fifty num- 


bers below 98000, there will be ene 2050 * 


rithms. 
Nov, fince the logarithms of all the numbers from 


98980 to 97950 are obtained, we need only to ſubtra&t 


the logarithm of 423 from thoſe of the ten progreſ- 
fionals 98879, 98778, 8c. to 97970, to obtain the 
logarithms of theſe ten 97900, 97800, &c. to 9700; 
and then by interpolation, as deſcribed n there 
will be had in all 3050 logarithms. | 

And in this eaſy manner may we derive the loga- 
rithms of all the reft of the progreſſionals differing 
from each other by 100, from 97000 to 50000, and 
compute the intermediate ones by the method of in- 
terpolation explained and illuſtrated above. The lo- 
garithms of theſe progreſſionals indeed, cannot be 
had always by ten at a time, but by ten, nine, eight, 


= 
ſeven, ſix, and five at a time, in ſucceſſion. For as 
the 


1 K WWW  IIEIICS 
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the numbers 99990 and 99000 are conſtantly dimi- 


niſhed in the ratio of 101 


to 100, their difference 


990, as well as that difference increaſed by 50, i. e. 


1040, will be leſſened by 1 


every time that 101 is 


taken from the former number and 100 from the lat- 
ter. This appears very plainly in the following table, 
in which the numbers 99990 and 99000, and the re- 
mainders after the ſeveral equimultiples of 101 and 
100 have reſpectively been taken from them, as well 
as the differences of the remainders after each ſub- 


traction, are exhibited. 


1 8 2 


| of 101. | Dif. 
| 99990 | 999 
4 X 1010= 4040 
IJ 95950 | 959 
IT * 909 9999 


$6: s sos: 852 


12 * 808= 9696 


76255 75 
115 * „ ; 
65650 | 650 
16 x 6bob= 2656 ETA 


——— —ꝗEZ4a } 


to Xx 505 5050 | 


1. | ; 494+ | 
* g0500 | 500 


— 


Eguimaliiples. 
4 r WE { 


. 


| 
| $5954 | $54 


1 50904 | 504 


| of 100. 
99000 
4000 4 X 1000 | 


95000 | 
g9g90ODZIIX goo | , 2. 


8510 ] 
9990812 X Boo | 


— — — 


0877-44 
[OJQ05ST 1, Xx 700 


65000 
g600=16 x 600 


l | 


55400 
c$000=10%X 500 


| * 


50 40 


400 


y H 2 


This 


— 


— 
——— 


"= — 2 
mY SS w* -c 4 
2 «, 3 129 a, L —. #Y;.. » a 2 2 "4 
CC 8 SYS The OR r — re” _ 
ode FS res - 
y q _ : \ N 
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This table needs little or no explanation. It may, 
however, be remarked, that 1010 and 1000, as well 
as 90g and 900, &c. ſhow how much the numbers in 
the ſame column with them are diminiſhed every time 
that a ſet of ten, nine, &c. arithmetic progreflionals 
is taken, It may be further obſerved, that the num- 
bers 4, 11, 12, &c. ſtanding before 1000, 900, 800, Kc. 
ſerve to ſhow hbw many ſets of arithmetic progreſ- 
ſionals of ten, nine, eight, &c. together, are taken; 
and that the ſum of all the numbers 4, 11, 12, 15, 16, 
and 10, which is 68, ſhows the number of deductions 
of logarithms from one another by periods of, firſt, 
a thouſand each, then, nine hundred, eight hun- 
gred, &c. till we arrive at the logarithm of 50400; 
and then one deduction more, of the logarithms of 
only four arithmetic progreſſionals, will ſupply us 
with all that are wanted for interpolation till we 
arrive at the logarithm of 5o 00. 

And the knowledge of the number of times the 
lozarithms were deduced from each other by periods 
of 1000, oo, 800, &c. will enable us to aſcertain 
the degree of accuracy to be expected in them. For, 
as the accuracy of each of thoſe periods of logarithms 
depended upon that of the preceding one, and the 
firſt thouſand, as well as all the reſt, were calculated 
to fixteen places of figures; and a as there, have been 

RR. but 
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but 69 deductions, by ſubtraction, to arrive at the 
logarithm of 50000, it is evident that theſe loga- 
rithms ought to be true to at leaſt fourteen e of 
figures, beſides the index. 

And having. got thus far, the remaining 40000 lo- 
garithms, viz. of the numbers from 50000 to 10000, 
may be had quickly by means of the logarithm of 
2, which is now given. For the progreſſional num- 
bers 99998, 99996, &c. to 50000, being divided 
by 2, give 49999, 49998, Kc. to 25000. Again, 
49998, 49996, &c. to 25000, divided by 2, give 
24999, 24998, &c. to 125003 and 24998, 24996, &c. 
to 20000, divided by 2 give 12499, 12498, &c. to 
10000, the end of the table. 


Of proving the Work, and checking Errors. 


With regard to verifying the work and checking 
errors, that has been in a great meaſure provided for 
already, by the coincidence of the two logarithms, 
obtained by different calculations, of every 1ooth 
number from 99959 to 50050 incluſive. However, 
various other methods may quickly be deviſed for 
proving the work and checking errors, ſome of the 
moſt obvious of which here follow. 

Since the logarithm of r is known, and the 
arithmetic progreſſionals 100000, 99900, &c. di- 

| vided 
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vided by 222 give 99000, 98901, 8c. we have only 
to take the logarithm of 422 from thoſe of the for- 
mer numbers to obtain the logarithms of the latter, 
which will be checks on every goth logarithm com- 
puted-by the method above deſcribed. And ſeveral 
other checks of this kind might be uſed. 

The logarithms of all the whole numbers from 100 
to 50 would be ſo many other uſeful checks. Theſe 
may be had from the firſt 2000 logarithms, and would 
be checks to every 1oth logarithm of theſe arithmetic 
progreſſionals, rooo, 999, 998, &c. to 500; the lo- 
garithms of which progreſſionals, on account of their 
uſe, and for the ſake of brevity, I ſhall in future call 
fundamental logarithms. 


100000 . 
Now ſince” — = 5? it is evident to any one ac- 


quainted with the . of ratios, that the frac- 


tions 15 =, =, &c. to 8 A, may be expreſſed by others 


whoſe numerators and denominators alſo ſhall be 
amongſt the arithmetic progreſſionals differing from 
each other by 1, of which the firſt is 100000 and 


700 300000, 99 __ 99999 . 99960 
n Thuts 95 99588 g8 389960 97 9694 c. 
$1 22208. 


to == Conſequently, their logarithms may be 
had immediately Toys the firſt two thouſand. And 
_ becauſe 100 =— = 993 99-3 5898, &c. the loga- 

rithms 
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rithms of 99, 98, 8c. will be obtained one after ano» 
ther by the eaſy operation of ſubtraction. 

But the logarithms of the numbers from 100 to 50 
may be computed in a different and eaſier manner, by 
firſt calculating the logarithms of 2, 3, and ſome other 
ſmall prime numbers, "Theſe alſo may be obtained 
ſeveral ways from the firſt 2000 logarithms, or even 
from the firſt 1050 only. I will point out the method 
of computing a few of them, by which the computa- 
tions of the reſt may be eaſily underſtood, 

I begin with calculating the logarithm of 2 by 
means of ſome to be found amongſt the farſt 1050 
logarithms. 

From the logarithms of 9898 and 101, 80 
above, we have the logarithm of 98; for 9898 = 101 
=98. And as 9996 + 98= 102, the logarithm of 102 
will be given. Then, becauſe Zi = 1024, we ſhall 


have this fraction, —- — = = » Whole logarithm may be 


had from two Aeg the firſt 5 50 only, thus: 
100000 = 256 gives a quotient of 390, and a remain- 
der of 160; and 256 * 390 and 255 x 390 produce 
99840 and 99450,, which two numbers are amongſt the 
550 at the head of the table, and are the numerator 


and denominator of a new fraction = 2024, So that, if 
to the difference of the ene * 99840 and 
99450 
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99450 the logarithm of 1020 be added, the ſum will 
be the logarithm of 1 1 0 — of which is the logarithm 
of 2. | | 
The logarithm of 2 being now. found, tot of 51 
and 7 are TRY had by means of it; for — —=515 and 


i 


- 
The logarithm of 3 may be obtained from two loga- 
rithms amongſt the ſecond thouſand, by means of 


thoſe of 2 and 7, thus: 74 = 2401, and 2 ( 3855 
8 Ss *3:% . F 
= It may be derived otherwiſe from two loga- 


rithms in the firſt two thouſand, by means of the 


. 8 Or it may be had from 


four logarithms in the firſt thouſand only, by means 


> : 162 g 161 — 99954 g99br 
of the fractions 2 & 16 which are = 52:55 & 90358 rev 


ſpectively. And this method may be uſed for obtain 

ing the logarithm of any prime between 100 and 50. 
The logarithm af 3 being 1 thoſe of 11and 17 

are immediately obtained, as 2 = 11, and £=19, And 


the logarithms of other primes may be red in like 


manner; as the logarithm of 41 from thoſe of 7 and 
98441, 445 being = 41: which method of deriving 
one e from another, by means of the quo- 


tients 


1 8 * A 
fraction g: which is = 
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tients and products of numbers, 1s obvious and well 
known. Thus much for checks. 


Eaſier Methods of computing the greater part of the Table. 

But, although the method of computing a table of 
logarithms, above deſcribed, be an eaſy one, there 
may yet be found means of ſhortening the labour very 
conſiderably. Theſe are, the derivation of all the 
fundamental logarithms immediately from the firſt 
2000, and another method of interpolation. 

The method of deriving the fundamental loga- 
rithms from the firſt 2000 only, will clearly appear 
in the following tables. 


I 1 


980 99960 
979 99858 
978 99736 
N 99654 
976 | 99552 
975 ( x 102 2 1 99450 
974 J 99348 
973 | | 99246 
972 | 99144 
971 99042 
97 | 98940 
| 970 * 103 — 99940 


In this table it appears, not only that ten funda- 
mental logarithms are directly derived from an equal 
number amongſt the firſt -2000, by means gf the loga- 

I rithm 
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rithm of 102, but that the logarithm of 103 alſo is 
derived from another amongſt them, by means of 
the logarithm of 970. 

And in the following table, in which only the. firſt 
and laſt progreſſional number that is to be uſed with 
the ſame factor is ſet down, it appears, that all the 
reſt of theſe logarithms are obtainable in the ſame 


eaſy manner, 


J 
2 
} 


970 
960 


&c. 


520 
518 


Zo } 


2 


* 


103 = 


99910 


— 99840 
SN | 98800 


&c. 


98800 
o 29 { 98420 


99974 
98430 


99960 
196 = { 58 98000 


8 


98880 


In the above tables it appears, that the logarithms 
of the factors 102, 103, 104, &c. are obtained by this 
method as faſt as they are wanted: (many of them, 
however, may be more eaſily had by means of thoſe 
of the ſmall numbers 2, 3, 5, &c.) It is alſo evident, 
that, as thg greateſt factor is but 196, the funda- 


mental 
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mental logarithms deduced in this manner will be 
true to fourteen places at leaſt, beſides the index, 
provided that the firſt 2000 logarithms were true to 
ſixteen beſides the index. The advantage of de- 
riving the fundamental logarithms by this method 
conſiſts in this: That, being all deduced immediately 
from the firſt 2000 logarithms, and not ſucceſſively 
from one another, like thoſe in page 50, it will be 
ſufficient to inſert the intermediate ones true to only 
fourteen places of decimals; by which a great many 
figures may be ſaved in the work of interpolation. 

And with regard to checks, the ſame that were 
deſcribed above may be uſed here. 

I come now to explain the other method of interpo- 
lation, which indeed is the ſame, in effect, as Sir 
Zſaac Newton's. 


It is well known, that 
Log. == MX ++ 3 &c. 


Log = M . . 2 1 3 4 . 4 ow &c. 


4—1 a 2a* 
and that 
Log = MN == = + &c 
4 2 3 4 3 
Log. —= Mx: —=+ +++" &c. 
which ſeries differ from the former only by having 
I2 the 
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the powers of x inſtead of thoſe of 1; and which, when 
x is leſs than 1, will have the ſwifter convergency. 
Now, ſince the firſt five terms of the ſeries are ſuf- 


ficient for our purpoſe, a 25, Q; R, 5, and T be written 
I M | 
for = 777. By = K = reſpectively, theſe loga- 


nthms will be exprefled thus: = 


Lo. D- N FT, 


Log. — h =P+Q+R+8+T; 
and 
Log. LE = —2x* + Rx? —$3* + T x5, 


Log.— _=Ps+ Ar + Re + Sr“ + Tx. 

Here it is evident, that, if arty eaſy method can be 
deviſed of finding the values of P, & 8c. in- the for- 
mer ſeries, the logarithms expreſſed by the latter will 
be eaſily obtained, by wy writing for x its proper 
value. 

Now, by putting a, o&, &c. to ſignify the ſame 
things here as in page 34, and e = the 5th difference 
of logarithms, we ſhall have theſe equations: 
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. — — — _———— —— _ 
iſt Differences of Log.... I 34 Differences, Ish Difference. 
- — 2d Difference. -| 4th Difference. y 
[PP —2+R—S+7= — 6 R — 128 ＋30 T $ — 120 T=e | 
ä 22* T2 8K — 249% = | — 
PT 2+R+8+7 =» | — 6R+ 128+ 30 7=y poom— 120 T 
= <3 82 111 89 —— ' of et . = 


33 
1 


| 


And by taking the ſums of the two firſt, and two 


third differencess, 


2 P + 2R+2T=ab+c 


we ſhall have the following five 


22 + 2 "A 


Fink 
120 T= fe 


* 


And from melee equations, "= 7 nag 
and y wy + ) we moſt nr get 
be 


* + B, 


x | N Cc 


* — 
. * " # f ww 


> 


=” 

” by * Pp 

£ o 4 
x7 


And for the fame reaſon that the iſt, 2d, 3d, 4th, 


and 5th. differences of the logarithms of the ſeven. 
arithmetic progreſſionals whoſe mean is a, and com- 


2 


equations for determining the values of P, A, R, &c. 
thoſe of a, a, f. &c. being given. 


* | E < a 
' . 4 vo! \ 
x * * , : 


« + IÞ—R-T= ET ONE Rn | 
4183 — S. . 2148-2 

R= EY ＋ 4 5 T=4 3 
Na 
7 re 1 


fo/ 


And i it is evident, that the values of P, 2, R, Kc. 


may be yet otherwiſe expreſſes, whenever occaſion. 


ſhall require it. 


mon difference 1, are ſuch as appear above, the 1ſt, 
2d, 34, 4th, and 5th. differences of the ſeven whole 
mean is a, and common difference x, will be 
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iſt Differences on ns 24 Differenc Er L cler a 


TRA | 
4342, 94481 
o. o 00000434296653 39013 | : 40868602 


Theſe differences, it is obvious, are to be uſed, for 
fifty logarithms, in the manner deſcribed in page 43; 
and the logarithms obtained by them will be true to 
ſixteen places beſides the index, which is the degree 
of accuracy requiſite for our purpoſe in the firſt 2000 
logarithms“. 

The interpolation of the logarithms of 1000 and 
999, or indeed of any two fundamental logarithms, 
by interpoſing 99 others between them, may be per- 
formed another way, by inſerting, firſt, nine loga- 

rithms between them, and then again nine between 
every two; in both which caſes will be = . 

This method, at firſt view, may ſeem to be eaſier 
than the other; for, as each ſet of differences is to 
be uſed a ſmaller number of times, fewer figures be- 
yond the inverted comma will be requiſite in each 
column. But when the additional work of calculating 


* It is obvious that, in general, the differences will be moſt advantageouſly 
employed when they are uſed to find an equal number of logarithms both 
above and below that which ſtands on the fame line with the ad and th differ- 
ence. In this place, the differences being ou at the end of the table, there 
was no moon to apply them upwards; 

the 
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the ſeveral different values of P, Q, 8c. or at leaſt of 
calculating the ſeveral ſets of differences, is put in 


oppoſition to that ſavings the Ki as of this me- 
thod will diſappear. 3 


But here the reader will perhaps be 3 42 
priſed to find, that, the labour of inſerting the firſt 
nine logarithms between every two of the funda- 
mental ones, by the method juſt now deſcribed, may 
be avoided from the logarithm of gog to that of 500, 
as the logarithm of every tenth number from. 90900 
to 50000 may be found much more eaſily. This will 
be made evident by the following table. 


_— " 9090 
99979 | J 9089 
99968 9088 
9993575 1 9087 
99946 2 e 
99935 aside ee Fs 
99924 1 by 11, gives. 9084 
99913 9083 
99902 9082 
99891 Fry 9081 
& c. to | BY 40] &c. to 
55000 _ { 5000 


The logarithms of the numbers in the right hand 
column might indeed be otherwiſe derived by a me- 
thod ſimilar to that uſed in page 573 but, the fun- 

damental 
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damental logarithms being fitſt calculated to 14 places 
of figures beſides the index, and the intermediate 
ones, as far as they have been inſerted; having the 
ſame degree of accuracy, the above method of ob= 
taining the firſt 9 intermediate logarithms between 
every two of the fundamental ones from 909 to 500, 
is eaſier in practice, and exact enough. 

Now the inſertion of 9 logarithms between every 
two of thoſe belonging to the numbers in the right- 
hand column of the above table, by the ſecond me- 
thod of interpolation, will be eaſy work. For +4» 3 
having no value in 15 places of decimals, it 1s to be 
conſidered as =o, and omitted, by whach the calcu- 
lations will be facilitated. 

But before I give an example of this interpolation, 
it will not be improper to ſet down ſome yet more 
convenient formulæ for calculating the ſeveral ſets of 
differences requiſite in it. 


The value of x being v, it is evident that the ſe- 
veral orders of differences for our preſent purpoſe will 
become 


If Differences of Logarithms, - 3d Differences] 
* 2d Difference. |- . 
xD Kreer * 2 1 

— r ; 
is Pr 2 + xo R Teos R 
— —— — ——— T 


(See page 62) 
A ſure way to avoid errors would be to uſe both theſe methods. 


K | And 
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And by writipg for P, 2, and R, their values in 
terms of a, g, &c. as expreſſed by the equations in 
page 61, we have the following very commodious 
formule for calculating the ſeveral orders of differences. 


4 


[ a 17 Differences of Logarthms, 30 Ditterences. 
2d Difference. ä 
1b a D 88 r πτ 9 
— ſb > 
Tot +(do +235) B(wnas _—_ * e e y TxWs> V ! 
Or, : 
— rſt Differences c of Cogan: e | E Differences. 
nin 2d Difference. äpꝛæc 
ee L e IG 2 8 Jeb 
1 - 
T5 % — e =) dr 1 Sees Cid — — | 
188 2 E488 Kar ö 


141 5 


Now, for an example of the uſe of the above 
formulz, let us take the differences of the logarithms 
of the five arithmetic progreſſionals whoſe mean is 
5000z.. and common difference 1; then will 

& = 0* 00008685021164.9 


5 = o' 00000001737178.0 
7 = o 0000000000009 5, 1 


which values of « E, and 17 being written in their pro- 
per places, we have 
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| o· 00000868 580278, 04 6951 
— — — 17371. 780 


1ſt Difference of Logarithms, 24 Dillerence, | 2d Difference. 


For a fecond example of the uſe of theſe formulæ, 
let us take the differences' of the logarithms of the 
five progreſſionals whoſe mean is 5001, and common 
difference 1; then will 5 = 


* = O- 00008685021 164, 9 
B— 0:00000001736483, 3 
1 =0' 00000000C00694, 7 


From which we get | 


T 17 Difference of FIT = = ſaTDiflermnce. 
- ———| 2d Difference. — 
o: 00000868406598,.45 | 6947 
— 17304, 833 - 


REMARKS, 


Here it is obvious, that it is not neceſſary to calcu- 
late, by the above Formule, as many ſets of the ſeveral 
orders of differences as there are numbers in the pro- 
greſſion of which the extremes are 9090 and 5000 and 


Note. In fling up the table, the mean of the five arithmetic progreſſionals, 


and conſequently its logarithm, is always to be written in the ſame line with the 
ſecond difference obtained by the above yormulæ. 


K 2 common 
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common difference 1. For 1t appears that the third 
differences near this end of the table, where they vary 
moſt from each other, are ſo nearly equal, that either 
of them may be uſed for the other, for a greater in- 
terval than that between them, without een 
any error in the logarithms. 


With what facility a table of logarithms may be 
conſtructed by the method above deſcribed, I leave to 
the determination of thoſe, who will make trial of 
different methods, or are competent judges of what 
has been done in this Eſſay. | 


The logarithms of every gth, 8th, 9th, 6th, 5th, 
4th, and 3d number, within proper limits, and of 
every 2d number from 66666 to 50000, may be abtained 
by a method ſimilar to that by which the logarithm 
of every 10th number from 9ogoo to 50000 was de- 
rived. Theſe logarithms may, perhaps, on ſome oc- 
caſions, be uſeful checks; but the eaſieſt caſe of inter- 
polation is, when x, as above, is = *. 
| Upon a review of what has been done in this Eſſay, 
it appears, that the chief uſe of the ſeries and ap- 
proximations given in the former part of it, is, to find 
any difference, to the 4th order, independent of any 
logarithms or other differences whatever ; and to de- 
rive one difference from another: And that the ad- 

vantage 
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vantage of the Newtonian method of interpolation con- 
ſiſts in eaſily finding a ſet of the ſeveral orders of dif- 
ferences, for the purpoſe of filling up an interval of 
logarithms, when ſeveral logarithms, and conſequent- 
ly their differences, are given. 

The facility of conſtructing a table by the joint uſe 
of theſe methods may poſſibly invite ſome gentleman 
who has leiſure, to compute a table of hyperbolic loga- 
rithms to nine or ten places of figures beſides the index, 
for the numbers 10. 000, 9*9999 9 998, &c. to 140003 
a work which would be highly acceptable to mathe- 
maticians in general, and to fluxioniſts in particular. 

In computing this new table ſome advantage might 
be made of the old one, which contains the hyper- 
bolic logarithms to ſeven places of figures beſides the 
index, of the numbers 10'00, 9*99, 9'98, 8c. to 1400. 
Of this I will give an inſtance, in eaſily deriving the 
firſt of the third differences wanted in the computa- 
tion of the new table, from the firſt of the firſt dif- 
ferences at the end of the old table. This firſt differ- 
ence taken from the old table is 0:0010005, which 
call «; then, by the ſecond equation for computing 
third differences from firſt differences by diviſion, given 
in page 37, we ſhall have 2« P: 44 24 1 , &c. a 
where 4 999. Now it will be ſufficient for our pur- 
poſe to uſe only * firſt two terms of the diviſor, 

which 


o 
n 


70 COMPUTATION OF LOOGARIT HAS. 
which may be NY taken, out of. X table of- {quare 


» # # © 4 


— and dare * and, then the arithmetica 
3 will ſtand as below. 

aa 9980 | 
—.24 => 1998 : | Ss ads 

= "99600 3) 0*001000 35 = & 4 (o+00000000200903 271 
the firſt of the third differences. And if this third dif- 
ference be multiplied by 3 and divided by 996*5,. ac- 
cording to the firſt equation for calculating fourth 
differences from third differences by diviſion, given in 
page 38, the quotient will be o- 090900000006048, 
which 1s the firſt fourth difference ; i. e. it is the 
four th. difference of the hyperbolic logarithms of five 
numbers i in arithmetic progreſſion, of which the mean 
is 998 and common difference 1. Theſe inſtances of 
the utility and eaſy operation of the ſeries given, Page 
| 34 to 38, for calculating one difference from another, 
cannot be eaſily overlooked, even by an inattentive 
reader : and many others might be produced. 928 

With regard to examining a table of logarithms, or 
any part of it, by ſucceſſively taking the differences, 
provided that all the logarithms were ſet down true 
to the neareſt unit in their loweſt place of decimals, 


* This book is on ſo large a plan, and of ſuch extenſive utility, that i it mage 
only to be generally known t to be generally uſed, 


the | 
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the following rules (evident to any one who conſidets 
the forms of the ſeveral orders of . 
ſtand in page 22) are to be obſerved. | 

I. When the firſt order only of Sm is . b 
in the table, or, in other words, when the true, ſecond 
differences do not affect the laſt figure of the loga- | > 
rithms, (then, ſince no logarithm ought to differ from 
the truth by more than half an unit in the loweſt 
place of decimals) no two contiguous firſt differences 
ought to vary from each other by more than 2 in 
the loweſt place of figures. 

II. When both the firſt and ſecond orders of diffe- 
rences enter the table, but the third vaniſhes, no two 
contignous ſecond differences ought to differ from 
each other by more than 4. 

III. When the firſt, ſecond, and third orders of 
differences are found in the table, but the fourth va- 
niſhes, the greateſt difference of any two contiguous 
third differences ought not to exceed 8. 

It 1s to be further remarked, that (under the re- 
ſtrictions ſpecified in theſe rules,) the chance is 
againſt the happening of-ſo great a difference as 2 
between any two contiguous firſt difizrences taken at 
random; that the chances againſt the happening of ſo 
great a variation from each other as 4, in two conti- 
guous ſecond differences, ſo taken, are ſeveral; and ſtill 

more 
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more are againſt the difference of 8 between two third 
differences. 
Of my other labours on this ſubje& ſomething may 


probably appear hereafter, if I ſhould find leifure to 
reſume it. | 
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F A 


On the Reduction of Equations that have two equal Roots : 
containing an Inveſtigation of ihe common Methed, together 
with one Remarks. g - 


'T has long been known, and Mr. M*Laurin has in 

a maſterly manner demonſtrated, that, when an 
equation has two roots equal to each other, it may be 
depreſſed to a lower dimenſion ; i. e. another equa- 
tion may be eaſily formed from it, in which the in- 
dex of the higheſt power of the unknown quantity 
ſhall be leſs by 1 than it was in the original equation. 
Thus, if the given equation be a quadratic, one of its 
equal roots may be had from a ſimple equation; if the 
given, equation- be a cubic, one of the equal roots 
may be had from a quadratic, &c. How this method 
came to be at firſt diſcovered it is not my preſent. bu- 
ſineſs to enquire : perhaps a notation ſimilar to that 
which follows might lead to it. But be that as it may, 
the following inveſtigation of the common method of 
depreſſing ſuch equations is different from any other 
that has come to my hands; and as it is ſuch as expe- 
rience has proved to be well adapted to the capacities 


L of 
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of learners, I take this an, of preſenting it 
to a * 


THEOREM I. 


F the roots of the quadratic equation XXx—2PXA+q=0 
are equal to each other x, will be A p. 


INVESTIGATION. 

Let each of the values of x be = a; then, by mul- 
tiplying theſe two ſimple equations x — a = o, and 
x — 4 = ©, by each other, there will be had xx= 
24x + aa=o, of which equation every term is equal 
to its correſponding one in the original equation : thus, 
xXx =XX, 2ax=þx, and aa = g. Now, ſince 24x=þ xy 
by dividing by 2 x we have a=} . But a is = x ; there- 
fore x p. N. E. I. 

WN 1. In the above reſtigation we have 

=q; therefore a= V,, which is another expreſ- 
fron of the value of x. But, as the diviſion of a quan- 
tity by 2 is in general an eaſier operation than ex- 
tracting the ſquare root, the former 1s to be preferred. 


Cokol. II. Since x18 g, and = iS 4 alſo, it fol- 
lows, that, when any quadratic equation has equal 
roots, 15 . g or 1 pp, Which is proved alſo by 
the common method of completing the ſquare. 


EXAMPLE. 
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EXAMPLE. Let the equation given be «* 10 * 
* then will x=B = 25= 5+ 


THEOREM II. 

If the cubic equation Xx —px*+qQKx—r=0 has two 
equal roots, one of them will be a root of this equation 
3x* —=2PX+q=0. | 
| INVESTIGATION. 
Conceive the equation to be formed by the multi- 
plication of theſe two, xx —2 ax +aa=0, K = o; 
then ſhall we have 


8 — 2 8 > + 4 4 444 #4145 | I'S 
© * * ＋2 a2 ere e n 


and by putting the homologous te terms equal to each 
other, there will be had 


1. 2a+T=þ 
| 2. 424 + 247 =4 , 
3. 4 4 1 r. From the firſt 


of theſe equations we have z=p — 24, which being 
written for it in the ſecond we have aa +24 þ—4aa=9, 
or 344—2fa+q=0. And ſince 4= x we have 
31 25 47 r . 
| CoroL.1. By writing p — 24 for & in the third 
equation, we have 44 p- 2 r, or 24 p +r=0; 


L 2 and 
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and x being written for 4 this 5 acct becomes 
2 * - t T . | | 1 
CoROL, 11. When y = o, the quadratic equation 

in the theorem becomes 33x + q=0, and K =. 

CoROL. 111. When p =o, the equation in Corol. 1. 


becomes 2 * 4 7 = o, from which we have x= V— 4 re 


COROL. IV. Therefore, when the cubic equation 
* +9 —7 =0 has two equal roots, ( „ V 
15 or - 47 27. =o 

Conol. v. When g = o, 3xx—2þx=0, & Ap. 

CoROL. VI. When 4 , aa + 2 4 1 o, & Ty the 
unequal root, becomes =— + a. 

COROL. VII, T herefore, when 72005 aa 1 


and a ( = V/— 2r. alt $55. 88 

COROL. vIII. Therefore, when the equation 
x* —pxy H o has two equal b tp=V/—27y 
or 45 =— 277. 

CoRoL. IX. When r = Oz =O; and then, as the 
original equation becomes a avadratic, {o the equation 
in Corol. 1. becomes 2x'—fx =0, or 2» —p= 0, & 
x = | þy which perfectly agrees with Theorem 1. 

- 'COROL. x. When = o, as the original equation 
becomes x* —px + q-= o, it appears that one of the 
equal roots of this equation is alſo a root of the quad- 
ratic 3 x* — 25 K 17 = Os 

SCHOLIUM 
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SCHOLIUM I. Although the laſt equation be very 
different from that in the preceding Corol. yet one 
value of x is common to both theſe equations. This 
may be proved different ways; but a very obvious one 
is to take x* —=px +q=0 from 3 * 2b T= o, and 


the remainder will be 2 x* — p x = o, which is the very 
equation obtained in Corol. g. 


Sc Hol. II. By means of the equations — 49* =277r*, 
and 47 =— 277, (Corol. 4 and 8) and a table of 
{quare and cube numbers, it may quickly be diſcovered 
whether the cubic equations x* K +q x—r o, and 
r -P „ro, have equal roots or not. But 
here it ſhould not be haftily concluded that, when 
both y and g are found in a cubic equation, the eaſieſt 
method to diſcover whether it has equal roots or not is 
to transform it into another which ſhall want the ſe- 
cond term, and then ſee whether — 497 =277*. For 


this caſe eaſier methods wil be given in the next 
Eſſay. 


- EXAMPLE I. Let the equation given be * 4 5 x * — 
32 x + 36=0, which has equal roots; then, by the 
Theorem 3x* +10x— 32 o, whole roots are 2, & 
— 22, the former of which is one of the equal valucs 
of x in the given cubic equation, 


EXAMPLE 
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EXAMPLE II. Let the equation be x* K — 27 #+ 54=0; 
then, by Corol. 2, one of the equal values of x is// 9=3- 
By Corol. 3, x= V 25 = 3* 

EXAMPLE III. Given #* +2 * — 22 o, to 
find the equal values of x. 

By Corol. 5, we have x = — F. 


THEOREM III. 
If the biquadratic equation x — PX TX —rx+8=0 
has two equal roots, one of thoſe roots may be had from this 
equation, 4 Xx —3PxX*' +$2qQKx=—TI=0. 


INVESTIGATION, 

Let the given equation be the product of theſe two 
quadratic equations, z*—T7x+eg=0, and ** —2@ x + 
4 4 2 03 then will 
* - Tex“ 

2a x TZ 1 - 24er 

+ aax* —aanx + ace 
and by putting the reſpective terms equal to each 
other, we have 


. + qx* -r ＋ S = o 


1. 24 + 7 p- 
2. aa + 24 6 = 9 
3. 441 ＋ 242 =r, 
4. 44 =. 


Now, 
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Now, by writing — 2 a +þ for in the ſecond and 
third equations, we get 
4 4 
— 44 12475 = 9, or, 2344 — 2244. 
| = ah 

— 24 + paa 

64 45441224 
And by writing x for a, and tranſpoſing to the other 
ſide of the equation, we have 4x*—3px* + 2qx—r=0. 
E. I. 

COROLLARY 1. By writing 9 85 — 254 47 ber! in 
the fourth equation, we get 34 — 2p a ; 
which equation, x being written for a, and s tranſ- 
poſed to the other fide, becomes 3x*—2px' T* 
JO. 

Conol. 11. When p= 0, the laſt equation becomes 
of a quadratical from 3 x* + qx* —s =o. 

 CoROL. 111. When gq = o, we have (by the Theo- 
rem and Corol. 1.) theſe two equations, 4 x*' — 3 p#* — 
r=0, and 3x*—2x* —s=0; and if the former of 
theſe multiplied by p be added to the latter multi- 
plied by 2, the ſum will be 6 * — 3pp3'=pr—25=0z 
another quadratic. 


i or, 40 —gp& +290=" 
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CoRoL. Iv. When r=0o, the cubic equation in 
our Theorem becomes 4 x* — 3Sx+29=0. 

CoRoL. V. Whens=o0o, e o; and then, as the 
original equation becomes a cubic, ſo the equation in 
Corol. 1. becomes 3x* —2px+q=o0o, which is the 
ſame as that in Theorem 2. 


EXAMPLE 1. Let the given biquadratic equation 


which has equal roots be &“ * & +4x+12=0z; 


then, by the Theorem, 4x*—18x+4=o0o, from 
which one of the equal roots comes out = 2. By Corol. 
2, we have 3za*—gx'—12=0, orx*'—3x* —4=0z in 


-which equation one value of x 1s 2. 


EXAMPLE 11. Let the equation x —2 K* — 54x + 


135 =o be given, to find its equal roots. 


By the Theorem, 4x*—6x*'— 54 = o, one of 


whoſe roots is 3. By Corol. 3, 6x*—12x* — 378 =o, 
or x* — 2 * — g o, in which equation one value of 
x is alſo 3. 


THEOREM IV. 15 
If the furſolid equation x —px* Xx - Tx +8x t=0 has 


1wwo roots equal to each other, one of thoſe equal roots ſhall be a 


root alſo of this equation 5x*—4PX'+3qx rx so. | 


INVESZ 
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INVESTIGATION. 
Let the ſurſolid equation be the product of the 


quadratic x* —24z+ aa , and cubic & - er- =o ; 


then ſhall 
* — 1 * + e x* — * 
—2ax* + 24 - 24 * + 2 40 K | — 
144A -a ! + aapx — aac 

x* pr! + gx? r r —7. Here again, by equating 

the homologous terms, we get 
1. 2412 . 
2. 44 T2 4 TEA. 
3. a4 tf za t r. 


4. 44 N24 0 = . | 
5+ 4 4 0 =!, And from theſe 
equations, by tranſpoſition and ſubſtitution, we get 


= —2 4 + - 
aa | 


— 4441245 1 or e=344—2P4 +04. 
+0e 


— 24* +, pa 


64? — 4pa* + 29a = „ or © =— 44*+3p4*—29a +r 
+c 


r ge" 
8a + Opa3 4a + ara 


} = 5, Or O = 54-4 + 394* n=2ra +5, 
M And 
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And by writing x for a we have 5x* — 4px* 3% — 27 
+ 5= Os 2. E. J. 

* COROLLARY I. By writing » for @ in the 5th 
equation above, and tranſpoſing a a, we obtain 
(t aa o) 4x'— Jþx* + 29x —rs* In. 

COROL. 11. When: o, o; and then the ſur- 
ſolid equation becomes a biquadratic, and the laſt 
equation becomes 4x 3H + 29 t o, which 
is the ſame as that in Theorem 3. 

COROL. III. It follows alſo that, when So, one 
of the equal roots of the biquadratic x* — px* + gx* — 
rx +$=018 a root of this biquadratic 5x* — 4þx* + 39x* 
— 21x + $5 = Oo 


SCHOLIUM I. 

By putting both q and t o, we ſhall obtain two cu- 
bic equations, whoſe terms are multiplied by different 
arithmetical progreſſions, in each of which one value 
of x ſhall be one of the equal values of it in the ori- 
ginal cubic. And by putting v,, and 7, each So, we 
{hall have two different quadratics, of each of which 
one root ſhall be one of the equal roots of the given 
quadratic. But it 1s very eaſy to demonſtrate (as Mr. 
M-Laurin has done) that, if the terms of any one of 


the 
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the above equations that᷑ has equal roots be multiplied 
by any arithmetical progreſſion whatever, one of the 
roots of this new equation ſhall be one of the equal 
roots of the original equation. For inſtance, let us 
take the two equations in the laſt Theorem, and mul- 
tiply the former by m and the latter by ax, and there 


will be 
ma* — mpa* + mqw* = n + msx— mt! o, 
and ux“ — 4npx* + 3uga* — 2nra* + 15x = 0; and 


by taking the ſum and difference of theſe equations 
we ſhall have 


a { 


m Þ+ gu. 5 — mM o+ 4tefpx* + m + 3. g - an. r K u. & — mt , 4 


and g. A; — -. þ x* + * — 39 23. Fx + M=— Mu. $8 —=1 t=0; | | 
where it is evident that mm and may be any numbers | 
whatever, and that any term of this progreſſion may | 
be put equal to o; ſo that we may deſtroy any term 
we pleaſe of the original equation. 
Thus, the terms of the cubic equation x* —px* + qu 
So being multiplied by the progreſſion 


Js 8. 1 0 e ee X = O, 
25 I, =_] 2 X* > p * * bs 8. 
45 
I, „ 1, - 2 bode pave 1 ** rar = O--.... 
G nile ww I Wy n * + pr —2qx+3r=0O. 


M 2 In 4 


- ” 
. . , 
* — G —_— — —— n 
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In all which equations one value of x is the ſame as 
one of its equal values in the origmal cubic equation, 


SCHOLIUM I. 


In the inveſtigation of Theorem 4, the law of con- 
tinuation is manifeſt; at preſent, however, I ſhall not 


apply it to any higher equation, but give an example 


of the uſe of the Theorem. 


Ez AMPLE 


Let the equation given be x +x*— x* + 0109433 o; 
then, ſhall 5x*+ 3x—2=o0©o, from which x comes 
out = 0*4811 nearly, which is one of the equal roots 
of the given ſurſolid equation. 


POSTSCRIPT. 


By a notation ſimilar to that uſed in this Eſſay, 
theorems for reducing equations that have three 


equal roots, may eaſily be inveſtigated. And the va- 
riety of equations attainable this way is not inconſi- 


derable. 


ESSAY 


F 


\ 


THAT HAVE TWO EQUAL ROOTS. 8; 


r. 


On the Reſolution of Equations that have two equal Roots : 


containing ſome new T heorems for calculating the Values of 
thoſe Roots. 


N the preceding Eſſay, (and in other places) it has 
been demonſtrated, that, when an equation has 
two equal roots, it may very eaſily be reduced to a 
lower dimenſion. In this Eſſay it will appear, that 
ſuch equations are eaſily reducible to any dimenſion 
deſired, even to a ſingle one. 


The following Theorems are indeed ſome of my 
moſt early productions, and appear in the ſtate in 
which they were at firſt inveſtigated, and in which 
they were preſented to one of the moſt learned Soci- 
eties * in Europe, The approbation this paper (as 

well as a former one) met with from that Philoſophic 
Body, and, ſince it was printed in their Tranſactions, 


: = 
: . OCOOe—————_ 
— 


* The Royal Society of London, before whom my paper was read, 
June 20, 1782. It is reprinted here without any material alteration, | 
and with but few additions. 


from 
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from ſome learned foreigners * have been no ſmall 
inducements with me to publiſh this collection; and 
cannot but give me ground to hope, that my labours 
will prove in ſome meaſure uſeful to the public. 


TH EORITE M 1 


if the cubic equation xXx PXA 4 X- r SO has iwo 
Pd — x. 


equal roots, each of one will be (x) t 22 


DEMONSTRATION. 
Call the three roots ay a, and 5; then, by the com- 
poſition of equations, we ſhall have & —2 dx Hae, La— 


aab = o, where 2a +b=fþ, aa +2ab=9g, and aab r; 
which values being written in our Theorem, we have 


pq —9r 2aaa + 4aab + aab + 2abb —gaab 2aaa— gaab Ae 
x(= 2þþ — == Baa+8 ab +2bb —baa —12ab 24a 4ab ＋ 26b 4. 


9. E. D. 


COROLLARY I. Hence, and by Theorem 2, of the 
preceding Eſſay, we may eaſily find whether any cu- 
bic 3 has equal roots or not. For, taking 


2. — 
25 — 6 
equal roots, otherwiſe it has not. 


x = „if 3x x — 2px +9 be o, (we equation has 


* See the Rev. Dr. Hales's Analyſis Æquationum, page 179. 
| COROL, 
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CoRoL. 11. From the laſt equation, by writing 
Sy —9r 
2pp—by 
18pr — 4% X q= 2777, by which alſo it may quickly 
be known whether any cubic equation has equal 
roots or not. | 

CoROL. III. When 5 o, the laſt equation be- 
comes — 49 = 27 77, which is the ſame as that in 
Corol. 4, page 76. 

CoRoOL. IV. When = o, we have - 4 = 277 
which agrees with Corol. 8, page 76. 

EXAMPLE I. Let the equation given be x* + 5x* — 
32x +36 =o, which has two equal roots; it is pro— 
poſed to find them by the above Theorem. 

Here p = — 5, q=— 32 and / = - 36; theſe va- 
lues being written in the theorem, we have 
—X—32—9 X—36 _ 160 + 324 484 

2 * 256—bx—3J3 50 ＋ 102 242 
the equal roots. 

And if, in proof of the work, 2 be written for xy 
the equation becomes 8 + 20— 64 + 36, which 1s 
evidently OO. Otherwiſe, dividing the given cubic 
| By the quadratic x—2*, we have 2 —4x'+ 4) 
* ＋ 5 — 32x + 36 (x +9; therefore the three 
roots are 2, 2, and — 9. 


for x, we eaſily obtain this, .qq—4pr x 2p + 


—=2, which is one of 


Had 


5 
2 
88 RESOLUTION OF EQUATIONS 


Had the queſtion been to find whether the cubic 
equation * + 5x* — 32x + 36 = o has equal roots or 
not, it might have been very eaſily anſwered. For 
by the firſt Corollary, 2, the value of x given by the 
Theorem, being written for it in the quadratic equa- 
tion zu ＋ 10 - 32 =o, the reſult is 12+ 20— 32 0; 
therefore the propoſed equation has equal roots. 
The ſame thing might have been quickly diſcovered 
by Corol. 2; the quantities on the firſt ſide of the 
equation there given being 7600 + 27392, and the 
quantity on the ſecond 34992, which is equal to their 
ſum. | 

EXAMPLE 11. Let it be required to find the equal 
roots of this equation, x* *# —27x + 54 = 0. 

Here p = oy, and the value of x given by the Theo- 


. —3 * — 54 5 . . 
rem. is Son = 5 which is one of the equal roots 
ſought. _ 
- 3 , 10 3 4000 
EXAMPLE III. Given * + * — 7 = Og an equa- 


tion which has equal roots, to find them. 


wege 30900 X 49 
Here 9 = o, and the Theorem gives 2 5261 


—=, which value being written for x the equation 


vaniſhes, 
THEOREM 
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THEOREM H. 
X. 


If the biguadratic equation x* —px* + Qx* —IX + $=0 
| 12r — 2pq e 


has two equal roots, make A = 


3PP— Bq ? 3Pp — 8 
3— r ; 
C = EF; and D =p and you will have 
A 


A ſynthetical demonſtration of this Theorem would 
be very long: the INVESTIGATION is as follows. 


It has been demonſtrated by the writers on algebra, 
that, if a biquadratic equation, as x* —px*+ gx* — rx 
+ 5 o, has two equal roots, one of them may be had 
from the equation 4x*— 3þx*+2q9x—7=0. Multiply this 
equation by , and the original one by 4, and take the 
difference of the two, which will be px*—29qr*+ 3rx— 4s 
o. Again, if this equation be multiplied by 4, 
and the other cubic by 5, and their difference taken, 
we ſhall have 37% 8 * * ＋ 127 — 2g xx+pr 
— 169 = o, or x + 5 17 = 0, or x* + Ax 
Bo, putting A and B for the known quantities 
in the ſecond and third terms. Now multiply this 
equation by 4, and take the firſt cubic from it, and 
we ſhall have 4A + 3p x ** +4 B-2qx K Tro, 
which being divided by 4A + 3f, and C and D put 

N equal 
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= 


13 E G 3 
equal to and Y reſpectively, gives x* + Cx 
+D o; and this equation being taken from the 
other quadratic, there remains A—QC * x + B-D= 0; 


conſequently x = = _ 9. E. J. 


COROLLARY 1. From the above inveſtigation it 
appears, that one of the equal roots may alſo be ob- 
tained from either of theſe two quadratic equations, 
of which the firſt ſeems moſt eligible, as the co-effi- 
cients of it are leſs complex than thoſe of the other: 


35 — 89 x x* + 127 — 2507 * # + pr — 165 Do, 
and 4A + 37 x * ＋ 45 — 29 xx+7=0. And theſe, 
when p=0, become — 89 + 12rx — 166 o, 


and — 5, 4 ff — 29x x +r= o, 


Or * — AO 
21 7 8 


„ eee 
COROL, 11. When 2 o, the two quadratics be- 
come 
3 PPP T lz T y⁵r - 168 o, 
and . 2 27 + 92 + 7 = o, 


PP 3 
5 47 pr — 162 
r 


Co kol. 
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CoROL. 111, If both p and g vaniſh, then, from 
. 5 | 45 

We of the quadratics we get x = , perfectly agree- 
ing with the cubic p — 29 K T3 TX 420, 
which, when p and 9 vaniſh, becomes 37x 4520. 
And this equation is of uſe; becauſe, in this caſe, the 

theorem fails, one of the diviſors being So. 


CoRoL. Iv. From the equation 4 — 3px* + 29 
—r=0, which, when p and 9g vaniſh, becomes 


3 
4x*—r o, we allo get x = Vs another expreſſion 
of the ſame value of x. | 


Cool. Vas When r = Og D = Og and from the 
equation x* + Cx + D =o, we have x = = C. 

EXAMPLE I. If the equation „ # —gx* +4 x#+12=0 
has equal roots, it is propoſed to find them. 


Here p =, q= = 9, 7= 4, and g= 12; and 
_ 


A becomes =——, 

8 © => 

„ „ =, 

1 2 

and C = D=2 Jv 


N 2 which, 
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which being written for x,, the equation becomes 
16-3648 +12=0; therefore 2 is one of the equal 
roots. 

The ſame value of x may be diſcovered from either 


of the quadratic equations mentioned in Corollary 1. 
The proper values of the co-efficients being written 


in the firſt of them, it becomes * — 5 * — 3 =o, where 
| 3 | 


one value of x is =. The other quadratic be- 


3 
— 14. 
- 3 
EXAMPLE II. It being known that the equa- 
tion x* —x* — 7x* +13x —6 = © has two equal roots, 
to find them. 


Here p = 1, q== 7, = 13, and s= —6; and A = 


comes x* = — x + 2 So, one of whoſe roots is 2. 


—142 2 C —1 158 * 767 + ot 12800 
59 ? B 59? 391 ? 391? 23069? A 
12800 D—B __ 12800 
C = 552 and A= = 12866 1, one of the roots ſought. 


The ſame value of x may be found from either of 
the two general quadratic equations given in Corollary 
1. From the firſt of them we get one value of 


* = — c A1. And from the other, one value 


eee, which is alſo 1, 


EXAMPLE 
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EXAMPLE III: Let the equation x' — 2 * — 54x 
+ 135 = © be given, to find its equal roots. 


By Corol. 2. we have theſe two . equa- 
tions, æ + 54 — 171 o, and æ 5. * in the 


former of which one value of * is — vi i 2 900 = 33 


in the latter one value of x 1s 2 14. . „Which is alſo 


= 3: and theſe are the roots ſought #. 


EXAMPLE Iv. Given the equation x* — —x+ , 


in which two values of * are equal to each other, to 
find them. 


By Corollary 3, we have x —<=5> . By 
Corol. 4, x is = V 4=z _ 


HE O RETN HI. | 
If the ſurſolid equation x —px* + qx* —rx*+8x —t = © 


has two roots equal to each other, and you make A = 1 


4pp— 1099 
B _ 2þf — 200 _— I 0 B— 39 TW 5C +2r, 
4pp= 109 C 4pp— 10q? D = * 4p? E SA +4P 
8 8 B — E F + C B—H 
[OE G =D H= b,, I= a 
K = — then fhall one of the equal values of x be 
_UmK 
— I—6 


* By comparing this with Example 2, page 80, the agreement of the re- 
ſults of different theorems will appear, 


The 
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The inveſtigation of this theorem being altogether 
ſimilar to that of the laſt, it is omitted here. 


SCHOLIUM I. The difference of equations being 
taken ſtep by ſtep, as in the inveſtigation of Theorem 
2, it will appear, that one of the equal roots may 
alſo be had from any one of the following five equa- 


tions, of which ſometimes one, ſometimes another, 
will be the moſt eligible. 


1. 5x*—4þx* + 39x" —2rx +5 = 0. 
2. Pp — 2% + gr” — 45x + 5f = ©, 
3. * + Ax* +Bx+C=o. 

4. 4a +Dx* ＋ Ex F S0. 

5. *+Gx+H=0. 


SCHOLIUM II. It is obvious, that, when þ va- 
niſhes, the work will be conſiderably ſhortened; and 
when both p and 9 are wanting, though the above 
formula fails, yet the equal root may be eaſily ob- 
tained from the equation px*— 29x* + 3rx* - 45x + 57 
= 0, Which in that caſe becomes 3rx* - 45x + 5 =. 


Whenever „ is wanting, F, in the ſecond cubic 


above, will be = o, and conſequently x may be found 
from the quadratic equation x* +D x +E = 0, 


But 
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But in any of theſe caſes the equal root may be 
found by diviſion. However, the operation probably 
will not, in general, be ſo ſhort as extracting the root 
of the quadratic. 


I will now give an example or two, by way of il- 
luſtration. 


EXAMPLE I. Given 2 +x* = x* + o- 9433 o, to 
find x, two values of it being equal to each other. 


Here p=0, q=1, =I, So, f=— 0409433, and 
we get 


A==—1'5 F=0 
B= o G=— 22310 
C = + 023583 =— 12412 
D= + 044 I =— 0109720 
= 042388 K = — 18469 
H—K 
and x = = 044811 nearly. 


The proper values of the co-efficients being writ= 
ten in the five equations given above, and ſome of 
them divided by the co-efficient of the higheſt power 
of x, we have theſe four equations, in each of which 
one value of x is one of the equal ones ſought ; 


* 
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* x + o — 0'4 =0. 
r — 1*5x* K + 0*23583 = 0. 
x* + 0.4x o 42388 =O. 
* — 02231 — 0*12412 = 0, 
Now the moſt eligible equation is the quadratic 
x* + 0*4x — 0442388 = o, whoſe affirmative root is 


746388 — 0 · 2 = 0448109 very nearly, agreeing with 


the value of & found above, but true to one place 
lower in the decimal. 


EXAMPLE II. To find the two equal values of æ, 
in the equation 64 * — 20 * + 3 0. 

The given equation being divided by 64, we have 
* o 3125 * + 01046875 ; and then, from the 
firſt of the five equations given in Schol. 1, we get 
5x* — 0*625 #= 0, and x= Vo- 125 =0*5, But from 
the ſecond of the equations juſt now mentioned, we 


5 n 
have 0*9375x — 234375 So, or * = SE 0253 


and x= V 0*25 O5. 


GENERAL SCHOLIUM. 


The method which has now been explained, of 
computing the values of the equal Yoots, is evidently 
applicable to equations of all dimenſions; at preſent, 


however, 
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however, I ſhall not apply it to any equation of 
more than five dimenſions, for two reaſons : firſt, 
becauſe ſuch equations occur leſs frequently than 
thoſe of lower powers: and ſecondly, becauſe the 
theorems will be very complex. 


I beg leave to add, that this and the preceding 
Eſſay, are but two ſections of A New Syſtem of Al- 
gebra, planned and begun ſeveral years ago, in which 
I intended to treat diſtinctly of equations that have 
two, as well as thoſe that have three, equal roots; 
and to apply thoſe equations to ſome new uſes, at 
leaſt ſuch as I have not hitherto been able to find 
in any other book. When 1 ſhall have leiſure and 
opportunity to finiſh that work is uncertain, In the 
mean while, I hope, theſe little pieces will be can- 
didly received by thoſe who have more leiſure, better 
abilities, and more inducements to ſtudies of this 
kind. 


ESSAY 
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E 


1 : 4 V.. 


On the Correction of Fluents found by Deſcending Series. 


A LTHOUGH the finding of fluents by deſcending 
ſeries has been often mentioned by the writers 
on fluxions, yet that method does not appear to have 
been brought into uſe, in the ſolution of problems, 
even by thoſe late and celebrated writers Emerſon and 
Simpſon, who, in their treatiſes of fluxions, have 
given no inſtances of the actual uſe of ſuch ſeries. 
Nor is there, to the beſt of my recollection, an in- 
ſtance of it in the Ladies Diary, which may juſtly be 
conſidered as the barometer of mathematics in this 
iſland. 


This negle&t of deſcending ſeries is the more re- 
markable, as their convergency, by the powers of the 
flowing quantity, always begins when the convergen- 
cy of the aſcending ſeries, by the powers of the ſame 
quantity, ceaſes, 

Theſe obſervations, (too evident to eſcape any at- 
tentive learners) occurred to me early in my ſtudy of 
fluxions, and occaſioned various conjectures concern- 


ing 
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ing the cauſe of the negle& of deſcending ſeries. After 
ſome time, however, recollecting that I had ſeen no- 
thing advanced againſt the uſefulneſs of that kind of 
ſeries, I thought of the experiment of computing the 
values of ſome fluents taken in deſcending ſeries, in 
caſes where the convergeney was ſwift, and comparing 
thoſe values with the values of the correct fluents taken 
in other terms. And by this experiment I diſcovered, 
that fuents taken, in deſcending ſeries c mmonly want a correc- 
tion, which being applied, thoſe ſeries become no leſs uſeful than 
aſcending ones: the eſtabliſhment of which truth is the deſign of 
this Eſſay. 

The calculation of this correction, indeed, is not 
always eaſy : ſometimes, however, it 1s obtained with 
great facility, Of both theſe caſes ſome inſtances 
will appear in the ſubſequent pages. 

Here it may be proper to mention, that, after mate- 
rials for this Eſſay were collected, the learned Mr. 
EULER's 1nfiitutiones Calculi Integralis happening to come 
into my hands, I found that the difference of the 
values given by the two kinds of ſeries in queſtion 
had been obſerved by him. He ſays, (vol. I. page 105) 
“Inde autem, quod duas ſeries pro 2 exhibemus, minime ſequie 
tur, has duas ſeries inter ſe ęſſe equgles, neque enim neceſſe eſt 
ut valores iþfius FE inde orti fiant æquales, dummoda quantitate 
conſtante a ſe invicem differant."” And in page 10g and 
110, he has calculated the difference of the two ſeries 

* This y anſwers to x in the following problems. 
O2 derived 


29 C 
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derived from the ſame fluxionary equation. But ſince, 
in ſome caſes, the quantity ſought would not be very 
accurately determined by the method there uſed, he 
has left to thoſe who come after him room for the 
exerciſe of their ingenuity, in deviſing others which 
ſhall better anſwer the purpoſe. 


Of the difference of the values given by the two 
kinds of ſeries of which I have been ſpeaking, there 
is, in page 6 of Sir Isaac NEWToN's Analyſis per 
guantitatum ſeries, &c. printed in 1711, an inſtance too 
plain to have efcaped the notice of that great man; 
and in page 51 he mentions that the areas given by 
theſe ſeries are different: but there is nothing ſaid of 
a conſtant difference. For what reaſons he has not 
treated of that difference, and given rules for com- 
puting it, I ſhall not take upon me to enquire ; but 
had he ſo done, there had been no room left for this 
Eſſay, nor, in all probability, for any other Treatiſe 
on the ſubject. 


I now proceed to the ſolution of ſome problems, in 
which the difference that has been ſpoken of will be 
pointed -out and computed. 


PROBLEM I. 


Given 2 X Va x, where x and 2 begin together, to find 
the correct value of 2 in ſeries which ſhall converge when x 
is greater than a. 

In 
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In order to treat this problem with the greater per- 
ſpicuity, I will ſet down the values of obtained by 
different methods of redintegration; and then, by 
comparing one of thoſe values with another, their 
equality or difference will appear. 


By a well known method of redintegration, the 
correct equation of the fluents, in finite terms, 1s 


h 2 + 
(1) 2 1. 4 T —3 40 
But if the quantity affected by the radical ſign, in 
the given equation, be converted into an infinite ſe- 
ries, in which à is made the leading term, and the 
fluents be taken, we ſhall have | 


x* I.3x3 1. 3. 84 if 
(2) S=X4/4X% Lo — 2.4.34 Ln Z-, &c. 


which ſeries, it is evident, will converge as long as 
x is not greater than 4. 


But if /x+a, the radical quantity in the given 
equation, be converted into an infinite ſeries, in which 
x is made the leading quantity, and the fluents be. 
taken, there will be 


421 
(3) z=v/xx2: 3 e- an + reg &c. 


which ſeries will converge as long as æ is not leſs than g. 
Now, before the values of 3 given in the firſt and 
ſecond equations can be compared with each other, 
the radical quantity in the former muſt be reduced 
Into 


——— . _ __. ———— —ꝗ—:ö—ä— 2 —— — 


Ü— — —— — 2 — 


— — 


_ ͤ— —— «„ 
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into ſeries, in which à is made the leading quantity. 
This operation may ſtand as below. 


is x* 1. 343 1.3. 9 * 4 
Var x 1 3 ͥα % T2 nr dr, &c. 
a+X 

and [ 8 * "pd: 1. 34 2 1. 3. * * . 
— — e X * 8 ; | > 8 k Qr X 

; x7 x3 1.3 x+ 
+ * 4 2a _ 2.4.0 a3 7 &c. 

=> ! MP. SOR 34* 


If now a,/a be taken How both ſides of this equa 
tion, and the remainder be divided by 3, we ſhall 
have 
Is a + V - x 32K + — 1 = = &c. 
which ſeries perfectly agrees with that obtained above, 


in the ſecond equation. 


Let us now compare together the values of 2 given 
in the firſt and third equations, by the ſame method. 


K | * 


a* 1.343 1.3.92 5a 
cp a I 1 | 
et 351 * * * 7 + = 2 2. 4a * 24,0 2. 2.4.68 ? e. 


X * +4 


1 3 1.82 
AX X-3X + ay 2. 4 1 2.46.8 &c. 


— — 
= 42 2 a3 1 34 F 
2 * 4 273 2.4 ⁷ + 2. 4. C r 7 &c. 
= 7 x x 3x + 24 3-347. 
T * 4x _ — LEES 5 x 2.4.6 8x3 8.x3 9 &c. 
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Here again, aVa being taken from both ſides of the 
equation, and the remainders divided by 3, we have 


a3 34 


23+ a x Þ$a—24 y/ a = La 1 3 +0 + D— T= ©o-6.grr) Kc. 
—34 Va. 

Now, ſince the quantities on the ſecond ſide of this 
equation give the correct value of a, and differ from the 
ſeries in the third equation by the conſtant quantity 
2 4 Va, it is evident that the ſeries there ſet down 
requires a correction, being always too great by the 
quantity 4 . 


Here it may be proper to obſerve, that this correc- 
tion is attainable alſo by a compariſon of the ſeries in 
the ſecond and third equations, For x being put = a, 


2 a V/A&K += — + 3 

FF) — — — — — —— —— 
= 2 4 14,6 4.0.8 das be. 
— 


ad. fer. 2 8 «2 : 3 . * 
The deſcend. ſer a VAX 211117 1 -4-b + 2:68 4-0.8.10? &c. 


The aſcend. ſer. 


where the latter evidently exceeds the former by the 
quantity 342. 


Let us now illuſtrate this matter by ſome examples 
in numbers. Firſt, let a= 10, and x = 1; then the 


value of z given by the fluent in finite terms, is = Vil 
— - V 10 = 3.2400 nearly. By the aſcending ſeries 
3 =V 
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1 1 3 


; . ; 
Ty tt Det 40 4-600 44.4000 4+4-80000 ? &c. 


= 3*24007 nearly. 
For a ſecond example, let a=1, and x=10; then, 
by the firſt equation of the fluents, 2 Py 11— 7 v 1 


= 23*65525 nearly. By the deſcending ſeries z = — _ 


20 T I I I 
TY 3 3 4. 600 + 4.4. 4000 4.4. 80000 SCC 


40 
= 23˙65 525 nearly. 


PROBLEM II. 


Let the equation propoſed be 7, = 1 where x and 2 be- 
gin together, to find the correct value 2 in deſcending 


ſeries. 


The fraction on the ſecond ſide of the equation 
being converted into ſeries, in which x 1s the leading 
term, and the fluents taken, we have z = hyp. log. xz 


11 


any correction, we muſt have recourſe to the aſcend- 
ing ſeries, by which the correct value of 2 is ex- 


preſſed thus: 
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Now put =, and 


I — * Son 8 Co 


The aſcend. ſer, $4. 4 


71 


I S 
The deſcend, er. h. I. 9711 — - - Þ 7 &c. 


where it is evident that the latter is too great by the 
quantity h. I. 2. Therefore the correct equation of 


becomes 


the fluents, in deſcending ſeries, is 2 = h. 1. =, + — 


1 
1 ＋ 255 &c. 
EXAMPLE. Let a=2, and x=4; then will 2 
h. I. 2, 1 1 — 2 ＋ dae Which is = h. I. 2 + h. I. 4 


Sh. I. 3 And this eld perfectly agrees with the fluent. 
taken in other terms, it being known that 2 is = 8 2 


* , which, when a=2 and x = 4, becomes h. 1. - - , 


er 3. 


PROBLEM III. 
Let it be required to find the correct value of 7, in dgſcend- 


mg ſeries, in this equation Z = =, where x and 2 begin 


aa 
together. 

By operations ſimilar to thoſe performed in the 
ſolution of the laſt problem, the following expreſ- 
ſions of the fluent are obtained. 


P A D & 
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5a 


x? x x6 
Y=X *: 1 2 &c. 


2 


3 N 4 
S577 XxXj—I+=-= +. GCC. 


The aſcending ſeries, it is evident, will vaniſh with 


2, and therefore needs no correction. And when 


1 2 2 
the aſcend. ſer. is = ax ? 1247175 &c. 
the deſcend. ſer. is= ax: —1+ 777775 &c. 


* 


and their differ. = 24 *: 1 4 + Sy &c. 


which is well Known to be = circular arc of oe whoſe 


radius is a. Call this difference 4; then ſhall the 


correct fluent required be 
aa 4 a+ as 
| Z=0 —— Xx: 127 53+ © 9499 &c. 
EXAMPLE, Let 4 = 1, and x= +3; then will z= 4 
1 
—— „2 1 nn „ = AI 9. 
„ ini &c. arc of 60 


PROBLEM IV. 


Let the equation given be 2 = x V aa + xay where x and 2 
begin together, to find the correct value of % in deſcending 
ſeries. | 
By the common methods of redintegration we 
have 


S = Xx 
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5 x3 WS a 4x7 3. * . 
2 ar + 2. 34 ous 2.4. 543 * 2. 4.6.7459 I 2.4-0.8.947? &c. 
31 as .ca® 
= lach. l. a, === r &c. 


2.42 * 2. 4. 0.44. 
The aſcending ſeries, it is evident, needs no correc- 
tion; and x being put = a theſe ſeries become 


. * . 8 
ä 2.3 2.4.5 * 2.4.0.7 2.4.0.8. 95 No. 


2 3-5 h 
2.4-0.4 T* 2.4-0.8.6? &c. 


and aa K: ＋Ih. 


whoſe difference is 


k } . 

23 2: * T 5467 1880 Ke. 
— + oye owing ——— &c. 

which, without much difficulty, will be found 

= aa X ©*5965, &c.— Zh. I. a. 

But as the ſame correction may be computed by a 
different and eaſier method, it ſeems proper to give 
that alſo. | : 

The correct equation of the fluents is. 


aa x: 1-1 h. l. a 


— x 4 4/5 7 | 
2 =T1x/ax+aa+3 aah.l. . * 


a 


Now ſince ,/xx aa, making x the leading quantity, is 


aa a* Sa aa a* 


= + Z, Kc. 3x Vis I an will be = I LIT 


2X 2. 4 44A 
&c. and 1 aa h. l. x TV + aa will be = 1 aa x; h. l. 
, a : 
2.X aa 340 Ta | 4 5 
= +I — 7001 &c. The ſum of theſe two expreſ- 
- FP 2 ſions 


_ 
a... 


— 


a by . 2 4 . * . 8 "IF 
; — 5 — + Ag | . a 
2 * 3” 2448 . a” a Lo * 8 I # « o—Y . * — 
—̃ [—h—Ü— —⅛ = a — _ $ — 2 — — r „ 4 rer. 1 o 
— — 4 ak — 3 — " » * — = - — - Ty — © = % — — 
wm > - 2 — — . - 2 A mots = — - 
— — 222 2 7 * © —_— . _ 
— — — Leu 
— 


Ow 
. 


hs r 
. PE 1x -S >: 


> a 5 
2 


„ 
— r 
3 ” 
_ 
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ſions when x is immenſely great, is barely fr + 7 
+ aa h. I. 2; and the deſcending ſeries, in that caſe, 


is =1x* * + Jaa h. I. x, The difference d, is = 7 + 


: Jaa h. 1. == aa x 0*5965736 — h. I. a, which is the 
conſtant quantity to be added to the deſcending ſerles. 


P R OB L E M v. 


. 
* 


Given 2 = — » Where , = © when Xx = ay 70 


V — 7 


find the correct value of 2 in deſcending ſeries. 
By a proceſs ſimilar to that in the ſolution of the 


— 2 
8. 4 2.4. 4⁷ . 


5 Ses &c. But the correct value of 2 is h. I. , 

2.4·0. | | 
which, when x 1s immenſely great, becomes barely 
. 1. . The ſeries, in that caſe, becomes barely 


h. 1. x. The difference, therefore, h. I. 2 being add- 


preceding problem, we get 2 = h. I. x, — 


* . 4 2x | a* 2a* 3-5a® 
ed to the ſeries, gives z= h. I. ,- a= nn 


ccc. the value which was to be found. 
SCHOLIUM. When x=a, one fide of the laſt 


equation becomes o, and by tranſpoſition, we have 
h. I. 2 
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h. I. 22 2142 - 5555 8&c. which, upon actual cal- 


2.4·4 

culation, will be found to be true. And this 1s the 
value of M. EULER's C, in page 100 of the firſt Vol. 
of his In/titutiones; which value, however, f is not there 
{ct down. 


P R O B L k N FI. 


Given yy + ay + Xy — aa — 2XX = Oz and yx =, to find 
the correft value of 2 in deſcending ſeries. 

By operations ſimilar to thoſe which have been per- 
formed above, the variable part of the fluent is found 
to be Tr i 
1143 4 
3.9 * IN — „Kc. 
of which all the terms after the third will vaniſh, 
when x 1s immenſely great. 


But the correct value of x, in other terms, is known 
to be 


2* — +75 4a h. I. * + 


— „ += 12 i 12 VI rien 


b. E in which c is = 


5 V $2 aa X h. l. a X + + + V mae xeon Es 


And this value of z, when x is immenſely great, be- 
comes | 


I XI — 


z=d+ixx—tax + * x h. l. « + 


A — * - 
— — ——— — 
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x 2 It , 
* —14 ax + = 9a T2504 x h.l.2x, +c; from which 


ſubtract + x* t * + 50a x h. l. æ, the value of the 


— 


ſeries in that caſe, and there remains 


23 II . 
— or wake Backs 2, +c3 which re- 


mainder is eaſily reduced to aax0*496 366 —27 h. l. a. Call 


it 4; then will the equation required be 


1143 Iloa% 38233 
55 gear) OCs 


SCHOLIUM. It will require no great {kill in algebra 


to diſcover, that the variable part of the fluent 1s 


| | 11 4 121% 12145 
alſo = Ix" — J ax 77 x h. 5 * ＋ 5 Þ+ 5 3.0 Nc. 


which expreſſion has ſome little advantage over the 
other. 


PR Q: B- LEM . 


Given y* +axy +x'y —a* —2x* =o, and yx Z, 
find the correct value of 7 in deſcending ſeries. 


The variable part of the fluent here ſought, as com- 
puted by Sir Iſaac Newton, (fee his tract De analy/i per 
equationes infinitas, page 12) is 
1 
Slax! 32708 
And by different calculations I find the invariable 

part 


i xx—+{ax+HFaah.l, x — +9 Kc. 


+ 


— 
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* 


part of it to be aa x 091077 = 5h: I. a; the ſum of 
which quantities is the correct value of z. 


86d © 010M! 

The veneration I have for Sir Iſaac Newton, (and 
which, ſurely, is due from all men of inferior abilities 
to his wonderfully penetrating and comprehenſive 
mind,) made me very diffident in my own calculations, 
when I firſt applied myſelf to the ſolution of this 
problem. I was not eaſily convinced, that any calcu- 
lation made by him could be corrected by any other 
man. After a time, however, ſeveral methods oc- 
curred to me of proving the defect of the fluent as it 
ſtands in the tract above quoted, one of which 1 will 
here ſubjoin. 8 8 2 


Since y 24 — r 


Et 3 4 2 13143 goa 
I will be =X Xo — 4 + 64 512K * &c. 


. 1 5 E235 * 1 - $I ZF&?- 2. 5094“ 
and XY Will be = x Xen 6.x $12x3 1638435? &c. 


and their ſum 


. 8 4 13143 2. 0 92“ 
* + Yo AIR ITE No  I6aban? 


&c. 
the fluents of which give 


2 2. | 131a3 doo 
297 — OT 4 * + 5 12 ＋ 65397"? &c. 


Rut ſince the true value of ꝙ is expreſſed by the ſerieg 
above 
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above written, the true value. of x,y muſt be 


1 2 * * 4 F 131435 | 509a* 
= X — 4 + 64 Nr 512 Þ+ 96787779 &c. 


which is evidently greater than the value of xy ob- 
tained by fluxions, by the conſtant;quantity 85 This, 


I ſay, proves that ſome correction i is neceſſary; but 
what that correction ought to be muſt be determined 


by other methods. Here, then, a field is open for the 
everciſe of ingenuity. Fil r title 

Why the correction of deſcending ſeries was not 
ſooner taught, and that kind of ſeries brought into 
uſe, may, perhaps, be accounted for, if we conſider 
the extent of the ſcience of F luxions, to which the 
words of Seneca, upon another occaſion, are applica- 
ble: Ad inquifitionem tantorum ætas una non ſulficit.— Veniet 
tempus, qu? iſta guæ nunc latent, in lucem dies extrabat, et lon- 
gioris ævi diligentia. DM = | 
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E 8 5 XC Nh 


s ©.4 
$ 


On the Transformation f certain Series to others of 
Swifter Convergency. 


HE ſeries, whoſe i ee e are here treat- 
ed of, are ſome of the common ones that ex- 
preſs logarithms and circular arcs; and the new 
forms, to which they are brought, are adapted to 
the purpoſe of numerical calculation, which end they 
are well fitted to anſwer, not only by converging 
much ſwifter than the original ſeries, but by the ſim- 
plicity and peculiar relation of their co-efficients. 
Of the other advantages to be obtained from 
this method of transformation, ſome ſhall be men- 
tioned towards the end of this paper. 


3 i ; = 
$ 1. "The 1 ee r-, &c. 


which is known. to expreſs the h. l. , by collecting 


the iſt/ and 2d terms into one, the 3d and 4th terms 
into another, &c. 18 transformed to 


22— 1 42 — . 92 — 
24* 'T 2 4 5 · Oa + ET 7 &c. 


which ſeries is = the ſum of theſe two 
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24 — — 6 842 — 


23 1 


8 1 
and as abs le. &c. 


Now if the numerators and denominators of the 


upper ſeries be divided by 2, 4, 6, 8, &c. reſpectively, 
it will become 


= I + _ 4+ > + I c. 
* I + 2 1 = 3 &c. 
So that, L _— put = yo * . we have 
. g 
Ws 2 I —_ | . 11 C. 
| EAR ey = + 7 &c. 


which two ſeries not only e twice as ſwiftly 
as the original one converges, but the terms of the 
one are derived from thoſe af the other by eaſy divi- 
ſions. 

But the value of L may be expreſſed ſomewhat 
differently as follows: 


Wl 4a— ba — 8 _ 
L =: + = + 58s &cc. 


18 evidently 


42 — 1 24 — 7 —.— 4 — 7 
2 24 * + 3.44. + 5-6a + 7. 25 Bec. 


ax N a 
+ 22 P 3.4 * r + 7 9 gec. © 


from 
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from which, by operations ſimilar to thoſe which were 
performed above, we get 


9 1 1 "1 


— 34% + i &c. 


1 1 I N 
D Jer De, &c. by 


which form the value of L may be — ſome- 
what eaſier than by that above 


EXAMPLE. Let a= 23 _ by the firſt form we 
have | 


| r 8 
n 4244 34 "+" * Kc. 


+I x2? 1 + I + —=7 + =D &c. 


By the ſecond form we have 
e 121 4 2 bee e. 


+3 x27 +I 07 N dec. 


1 II. The ſeries — = + _ + 72 + = + 757 8 &c. which 


= h. I. — by collecting the firſt and ſecond 


terms into one, the third and fourth into another, 
8c. is transformed to 

2a +1 4143 6245 , 8a+7 

er + e + phe? ee Kc. 


which ſeries is evidently = the difference of theſe two, 


2a +3 42 14 bGba+b 82 ＋ 8 
r + er e Kc. 


Q 2 | and 
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"oe e 


and 1 3.455 + > - + IT ce. | 

ſo that, L being put for the ſum of the original ſeries, 
we ſhall, by operations ſimilar to thoſe Per formed in 
the preceding ſection, 5 


r a ＋ 1 <4 1 EE INE | | 

| "0 N00 þ mm 7 * . 7 &c. 
L. = JOG . 59 | . 

= on: D aa N 1 * \ 2.34? + _S Fo 4 yy gcc. 


by which ſeries the value of L may be much more 
expeditiouſly computed than.by the original one. 


28 +1 442 +3 ba + 5 . 
* 1 2 ＋ J. —5 5 + Fw” 77 86>. 2 
evidently 
a+1 34 + 3 + 3 ge +4 4 £2 
24 * 2 3+44* 5+ 5 7· 8a Sc. 
152 8 — . 4 1p N mal 
. * der » &eC. we all, 
by * reduction, ane 3 
1 ö I 
{, — X31 3 * EM 9 446 — &c. 
＋ = ba "i 1 
1 + —_—_ + 72 ccc. 


which is 1 very convenient form for computing 
the numerical value of L. | 
EXAMPLE. Putting @ = 2, we have by the firſt 


form, h. 1. 2= 
x "* t | 
ES OY © HS. Hoh 


= I 
— * K 5 
1 eo 2. 34 35-10 * 4+7-04 9 &c 


By 
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By the ſecond form we have | 


| I I 
pack 1 ELSS 24 © Tio © 764? &c. 
1 1 3 
en The ſum of the ſeries - . 


343 5a > 
+ 57s cg. is well known to be = h. I. - =; call it 


L; then, by collecting two terms into one, in the 
manner deſcribed above, we ſhall have 


„ HO tS - apo 12 
L = 3a * 5· a + 9.114 + 13. 13.1559 &c. 


which ſeries, it is evident, is = the difference of theſe 
two 


42*+4 , Ba*?+8 i12a*+12 16a* +16 & 
34 15 $+747 91144 13.1545) 


a* + a® + 4 +3 42 + | 
and ee e Toe © gan” ee, ee. 


And the difference of theſe 1 is evidently 
WIDE. 3 4 | 
Mi: I * 7 + 72 1 13» 1 &c. 
a 


| — Iz x 353 + 3 + — + TEST &c. 

by which ſeries the value of L may be much more 

expeditiouſly computed than by the original one. * 
But the value of L may be computed by other ſe- 

ries, which converge by the ſame powers of a with 


the laſt, whoſe co=efficients are ſimpler. For 


* Theſe are the ſeries uſed in the computation of the h. I. 2, in 
page 40. 


345 
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22227 4 2 74* + 24 2 154% + 13 


p 343 $.7a?7 9.114a** 13. f Ul 9 &c. 18 
34 + 3 74* + 112 +1 184 + 1 
_ | 343 5-77 + 9. tian 13.1 547 5 &c. 
2 2 ; 2 2 N 
8 43; $9897 Gta 13-1547 5 3 C. 


which is eaſily reduced to 


5 


FR T . 7 


Low . ++ qr e. 


114 


by LPs pair of ſeries the numerical value of L 


may be more eaſily calculated than by the pair firſt 
given for that purpoſe. 


But the value of L may be yet ſomewhat more 


eaſily computed by another pair of ſeries, which 1s 
diſcovered thus: 


34 + 1 na* ＋ 5 114? + r5a* + 13 
34 + $4747 7 Die 15 13. 154 


22 +1 ga + +5 ga? +9 134 + 13 
* + 2 ＋ Jie. 91141 + 13.1 a Nc. 


24 24 * 
= ; er > 72 * 9.11411 T 13-75 c. 


7 &c. is 


ant 
; 


from which pair of ſeries, by reduction, we obtain 


” aa + I 
„ 5 7a⁰ 1 r » STC. 
— 1 1 
+ = x27 +3 5.7 + 9-114 + 13. = &c. 


We Ws now obtained three new forms of ſeries 
for the purpoſe of computing the numerical value of 
L, 
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L, each of which converges twice as faſt as the ori- 
ginal one.“ 


EXAMPLE. Let 2 = 3; then, by theſe new "LIN 
we have f h. l. =, or 2, expreſſed theſe different 


Ways: | 

ce = 

PEE *3 © oor 55 dere ee, c. 
n 


5•7. = + — * e &c. 


2. = ——— — BT 

1 h. I. 2 5 er 9-815 TO Tee 

FY 2 . 
Eni 9-11,81* ＋ 73s n Nc. 


rg 10 1 1 
N 3. [ 27 X > F + 7.81 + * NN + r 7 c. 


ih. 1. 2 =? I 1 ; 
4 1 * 1 175 51 9.11.81 e, &c. 


$1v. The ſeries ===; + 5 = = + = &c. 


343 gu3 747 


ad WR) is known to be = the circular arc whoſe 


tangent is A, by collecting every two terms into one, 
in the 305 that has been already deſcribed, is 


transformed to A 
F 
3 + 5.7 9112 + 13.15n*5 3 &c. 


from which, by operations ſimilar to thoſe which have 
been performed in the preceding ſections, we obtain 


* By comparing the ſeries in page 23, 24, and 25, with what has 
been done in this Eſſay, the truth of what was ſaid in page 33, will 
appear. 

the 
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the following three forms for computing the nume- 
rical value of A, in each of which the ſeries con- 
verge twice as faſt as the original one. 


1s [ E—=2 x: Et oe © gar + Tagen &c. 


py 


A = — 
2 : X 3 ＋ 777 75 + 2 + 13+ e &c. 


7 F — X 2 21 + = * — + 7 7 &c. 
a J. i I ; 
[+24 + 8e © rer + iger, dec. 
wy [ V 
* ! 
Local * 24 T7 = + 9.117 + 13. 8 &c. 


Let us now illuſtrate hulk ſeries by ſome examples 
in numbers. 


EXAMPLE I. When n= 1, _ of theſe three 
forms of ſeries gives A=2 * 4 * == + = 
&c. the arc of 45%. 


EXAMPLE II. Let a be = / 3; then we ſhall have 
theſe three different expreſſions of the value of A, the 
arc of 30*. 


NI, ö 4 
A = . 775 911.9 13-15.97 ? Sc. 
* * * * 

L 

2. He I 

F | 39/73 * 
+ — x 24} + = rer 
392 1 3 * 1 2 ET TIT" &c. 


3. 
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3. [ I —4 
7 7x „ | N &c. 
3 2 Fr 3 * IE" Ke. 


In this caſe it is remarkable that one of the two 
ſeries in the firſt form vaniſhes, ſo that, at firſt ſight, 
it might ſeem that the calculation of the value of 4 
by that form would be eafier than by either of the 
ſubſequent ones; but upon trial it will be found 
otherwiſe. And ſince, when » has any of thoſe other 
values which are ſtil] more eligible for the purpoſe of 
computing the ratio of the diameter to the circum- 
ference of the circle, the calculations by the 2d and 3d 
forms will be eaſier than by the 1ſt, I ſhall make no 
further uſe of it. 


EXAMPLE III. Let 2 = 2, and (for the ſake of 
diſtinction in a ſubſequent uſe of it,) let the arc whoſe 
tangent is 3, be =«; then, by the ſecond form we 
have *s 


3 1 * 4 9.165 ” 13. 1603 9 &c. 
& = 
2 | 
+ F * 21 + —7 + Fi +=" &c. 


By the third form 


1 1 
1 1 :4 r ier, Kc. 


a = © 
EF: » 3:4 * r n + n, der. 
By either of which forms the value of « may 


quickly be computed to great exactneſs. 5 
R EXAMPLE 
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EXAMPLE Iv. Let n= 3, and put 6 = the are 


Whoſe tangent is 4; then, by the ſecond form we 


have 


8 1 "op 2 
— > "is - —— 24 was — 
X 21 + "us PRE + 


B pi 
| + 27 * 21 + = + A. 9.11.81 5 = 13.15.8157 &c. 
By the third form 


2 = 2 | I I 
— 2 —— —— — ͤ( w— — 
+ 3 x83 T $47.81 T = 9.11. 817 T: 13.15. d &c. 


which ſeries converge ſwiftly. 

Now; ſince it is known that the ſum of the two 
arcs whoſe tangents are 3 and 5 is the arc of 45˙ꝑ 
we have 4g = arc of 45, and 4« + 48 = the circums 
ference of the circle whoſe diameter is 1, 

And by writing for » = 7, 2, 25 and many other va- 
lues, ſeries of much quicker convergency may be ob- 
tained for the purpoſe of computing the ratio of the 
diameter to the circumference of the cirtle. The 
method of finding thoſe values, indeed, belongs 
not to this place; but it is probable that I ſhall treat 
of it at ſome future opportunity. 


§ V. All the above ſeries were obtained by collect- 

ing two contiguous terms into one; but that is merely 

arbitrary; and by collecting other equidiſtant terms 

into one, other ſeries of quicker convergency may 
yet 
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yet be obtained. Thus, by collecting into one the 
iſt and 3d, 2d and 4th, &c. terms of the ſeries 


1 1 I I I I 
„ ere e © had en 1 err, &c. we get 
theſe two ſeries 
gn*+1 3 49 , 21n*þ17 | 29n*+25 
55 * 9.1333 7772 177.2127 1 ＋ 2940 25.2959 &c. 
| 7n* +3 15u*þ11 23n*+19 zH 
and — Zeju? Italgn*'53 19.2333 27312579 SCC. 


from which, by a proceſs ſimilar to thoſe which have 
been ſet down in the former part of this paper, we 


obtain A, the arc whoſe tangent” is = 


4 _ <2 7+ rtr + K. 
A (+ 2 * 77 4 Tor + Toon + e &c. 
N Bf =Þ > T4 Ta er to c. 

N 1 le ro TO TT + Ten &c. 


EXAMPLE. Taking n= 3, We have 4, the arc 
of 30% 


+ <7 * T Air + rr &c. 
* N 2 * 7 + SIT + HT” &c. 
T7973 FI 7 * 5 + 23. . * 31 5 „&c. 

* net TT + Tar + 77 r Scc. 


In this example we ſee a ſwift convergency, al- 
R 2 | though 


— — 9 
— 
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though the original feries converged but ſlowly, And 
by collecting other two equidiſtant terms into one, 
other ſeries of {till ſwifter convergency may be found. 


$ VI. From what has been done above it appears, 


that the ſeries obtained by this method of transforma- 


tion always come out by pairs, of ſuch peculiar relation 
to each other, that the terms of the one being com- 
puted, thoſe of the other are moſt eaſily derived from 
them; the advantage of which, in numerical calcu- 
lations, 1s very obvious. 

It is evident alſo, that the method of transforma+- 
tion which has been now explained, is applicable to 
all ſeries of which the terms are any geometrical pro- 
greflion whatever divided by any arithmetical progreſ- 
ſion; and that a general theorem may eaſily be 
made by any one who underſtands what has been 
done in this Eſſay. 


It may be proper to add, that theſe ſeries admit of 
various other transformations, all which may have 
their particular uſes; but to treat of them here is not 
only foreign from the deſign of this Eſſay, but would 
{well the book much beyond its proper limits. I ſhall 
therefore point out only one advantage more to be de- 
rived from this method, and that is nearer approxima- 
tions to the values of the original ſeries than thoſe 
which have been cemmonly given. 


For 


TO OTHFRS OF SWIFT ER CONVERGENCY. 125 


For inſtance, taking the ſecond form of ſeries which 
Wr the length of a circular arc, (ſee & IV.) and 


putting — Ah, the tangent of 4, we have 


t *: I eh + —?*, &cc. 
A = P 


＋ * x {SF + , „&c. 


from which, by the 00 explained in Simpſon's Diſs 
ſertalions, page 100, we obtain 


4 — Pas 6930 — 18562 
2 4390 th r 


very nearly. 


Which approximation takes in the juſt value of the 
firſt ſix terms of the original ſeries. 

< And in like manner may be found more accurate 

approximations to the values of logarithmic ſeries 

than any other, that I know of, which have yet been 

publiſhed, 


ESSAY 
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On the Force of | ofcillating Bodies on their Centers 
of S uſpenſion » 


MON the ſeveral Treatiſes of Mechanics that 
A. have come to my hands, there is none that 
treats of the force with which pendulums, and oſcil- 
lating bodies, act on their centers of motion; which 
force, however, 1s not unworthy of attention, ſince, 
upon enquiry, it will be found to be, in ſome caſes, 
ſeveral times greater than the weight of the ofcil- 
lating body. 5 


This ſubject was firſt offered to my conſideration 
while I was in the Royal Obſervatory, at Greenwich, 
when ſome new clocks * were ſet up there, to be uſed 
in the Aſtronomical Obſervations. It had been found 
by experiment, that Clocks kept time better when 
they were in ſtrong caſes firmly fixed againſt a wall, 
than when they were in common caſes ſlightly fixed 
to the wainſcot of a room, or only reſting on a floor. 
And as it was part of my buſineſs to keep an account 
of the going of theſe new clocks, whoſe pendulums 


* Theſe clocks were made by Mr. John Arnold, of London. 


were 


ON THEIR CENTERS OF SUSPENSION. 44) 
Were much heavier than thoſe of common clocks, I 
was induced to enquire with what force the pendu- 
lums acted on their centers of ſuſpenſion, in an hori- 
zontal direction. That force, it was eaſy to perceive, 
would ariſe from two cauſes, the weight, and the 
centrifugal force, of the pendulum. The enquiry, 


therefore, led to the conſideration of the following 
propoſitions; 


2 PÞROFO8ITDION: 1. | 

Let C be the center of motion of the oſcillating body 

CFEH, CE- 7s axts, and W its weight; to find the effeft 

of gravity on C, in an horizontal direction, or, with what 

force the point C is acted on in the direction CD, parallel to 
the horizon, in any poſition of the axis CE 


Let G be the center of „ » FOSTERS 
vity of the oſcillating body, the 
line of the angle ECD = c, and 
its co- ſine ; then, by me- 
chanics, the force with which 
the body acts on C, in the direc- 
tion CE, will be c, the effect E 
of which in the direction CD, 
will be S But this is evidently but part of the 
effect ſought. For, whatever be the velocity of G, 
the center of gravity, the accelerating force of gra- 


vity þ 
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vity on it, in the direction perpendicular to CE, will 
always be = ; the effect of which on C, 3 a di- 


rection perpendicular to CE, will be « 56 = but 


in the direction DC, it will be = 5c} x 15 Now, ſince 
this force acts always in a contrary direction to that 


above found, we have c « 1 — Fg = the force ſought. 


CokoL. 1. The expreſſion now obtained, of the 
3 force . from gravity only, by writing 


CE— CG 
= for its equal, ===, becomes 5c/ x E; and ſince 


s _ c only are variable quantities, it is evident that 
this force will be the greateſt when the rectangle 5c 
is greateſt, which is well known to be when the angle 
ECD is = 45. 


CoROL. 11. From what was done above, we have 
ee for the firſt part of the force with which the 
center of ſuſpenſion is acted on in a direction per- 


{es EG 
pendicular to the horizon, and 5, x 55 for the other; 


the fam of which is c + e «x = 12 = the whole force 


with which the center C is acted on in a diretion 
perpendicular to the horizon. 


PROPOSITION 
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were much heavier than thoſe of common clocks, I 
was induced to enquire with what force the pendu- 
lums acted on their centers of ſuſpenſion, in an hori- 
zontal direction. That force, it was eaſy to perceive, 
would ariſe from two cauſes, the weight, and the 
centrifugal force, of the pendulum. The enquiry, 
therefore, led to the conſideration of the following 
propoſitions. | 


But, before I proceed to inveſtigation, it will be 
proper to premiſe, that the oſcillating body, whoſe 
forces I ſhall conſider in this paper, is ſuppoſed to be 
homogeneous, and formed by the revolution of a line 
about the axis, or elſe of ſuch ſhape, that the ends of 
the ſolids into which it is cut, by the vertical plane 


in which its axis vibrates, by another plane, perpen- 


dicular to the former, in which the axis lies, and 
by a third plane, to which the axis is perpendicular, 
are ſimilar and equal. The reaſons for this choice 
will appear further on. 


PROPOSITION I. 


Let C be the center of motion of the eſcillating body 
CFEH, GCE its axis, and its weight; to find the effect 
| of gravity on C, in an horizontal direction, or, with what 
force the point C is acted on in the direction CD, parallel to 
the horizon, in any pofition of the * CE. 5 
28 et 
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vity on it, in the direction perpendicular to CE, will 
always be N the effect of which on C, 2 a di- 


rection perpendicular to CE, will be = 5} « 55 one but 


in the direction DC, it will be = 5c} * mon Now, ſince 
this force acts always in a contrary direction to that 


above found, we have 5cJ/ = e- the force ſought: 


COROL: I. The expreſſion now obtained, of the 
horizontal force obs © from gravity only, by writing 


CG CE— CG 
vx for its equal, S S, becomes c E; and ſince 


s and c only are variable quantities, it is evident that 
this force will be the greateſt when the rectangle sc 
is greateſt, which is well known to be when the angle 
ECD is = 4 5% 

CoROL. 11. From what was done above, we have 
ce for the firſt part of the force with which the 
center of ſuſpenſion is acted on in a direction per- 


; EG 
pendicular to the horizon, and 3 « & for the other; 


the foam of which is cc + 55H x 8 = the whole force 


with which the center C is ated on in a an 
perpendicular to the horizon. 


PROPOSITION 
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were much heavier than thoſe of common clocks, I 
was induced to enquire with what force the pendu- 
lums a&ted on their centers of ſuſpenſion, in an hori- 
zontal direction. That force, it was eaſy to perceive, 
would ariſe from two cauſes, the weight, and the 
centrifugal force, of the pendulum. The enquiry, 
therefore, led to the conſideration of the following 
propoſitions. 


But, before I proceed to inveſtigation, it will be 
proper to premiſe, that the oſcillating body, whoſe 
forces I ſhall conſider in this paper, is ſuppoſed to be 
homogeneous, and formed by the revolution of a line 
about the axis, or elſe of ſuch ſhape, that the ends of 
the ſolids into which it is cut, by the vertical plane 
in which its axis vibrates, by another plane, perpen- 
dicular to the former, in which the axis lies, and 
by a third plane, to which the axis is perpendicular, 
are ſimilar and equal. The reaſons for this choice 
will appear further on. 


PROPOSITION TI. 


Let C be the center of motion of the oſcillating body 


-CFEH, CE its axis, and & its weight ; to find the effect 
of gravity on C, in an horizontal direction, or, with what 
Force the point C 1s acted on in the direction CD, parallel to 
the Horizon, in any pofition of the * CE. 1 
ver et 
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Let G be the center of gra- 
vity, and O the center of oſcil- 
lation of the body, the ſine 
of the angle ECD = c, and its 
co- ſine ; then, by mecha- 
nics, the force with which 

the dody acts on C, in the "2" 
direction CE, will be = c, the effect of which in 
the direction Gy, will be c. 

But this is evidently but part of the effect ſought. 
For, whatever be the velocity of G, there will be an 
accelerating force of gravity upon it, in a direction 
perpendicular to CE, the effect of which on C may 
be thus computed. Let there be a ſection of the 
body, by a plane to which the axis is perpendicular, 
at p, which (the body being ſuch as was deſcribed 
in page 12),) will be the center of gravity of the 
ſection. Let the weight of the particles in that 
ſection be w; then will the force with which w acts 
on Po on a direction perpendicular to CE, be 
3 X 8 the effect of which on C, in the ſame 


direction, is = $2 x 881. Ht Op* » QC". o x p 


＋ p'; therefore, we have 8005 - x OC* x w—2 OC x Cpw 


+ Cp* xw, a general 1 of the effect on C, in 
the direction perpendicular to CE, of any ſection of 
Feat, 9 the 
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the body perpendicular to its axis, at the diſtance Cp 
from the center of ſuſpenſion ; from which, by the 
well-known theorems for .computing the centers of 
gravity and oſcillation of bodies, we obtain the - 


of all the ſections, or of the whole body, = * 


OC'x/—20CxCG xIV+0CxCG . - 


which force, in the direction DC, will be = c x 
1 8. Now, ſince this force acts always in a 


contrary direction to 3 OE found, we have 


C 
SW -c x 1— G= c N. * SY the force ſought. 


COROL. I. Since s and c only are variable quantities 
in the expreſſion now obtained, it is evident that this 
force will be greateſt when the rectangle 5c is greateſt, 
which is well known to be when the angle ECD is 
= 4 5's 


CoROL. 11. From what was done above, we have 
cc for the firſt part of the force with which the 
center of {ſuſpenſion is acted on in a direction per- 


pendicular to the horizon, and 5x1 — for the 
other : the ſum of which is 55H x — JE thewhole 


force with which the center C is acted on in a direc- 


tion perpendicular to the horizon, 


S 2 PR Oe 
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Let G be the center of gra- TD C 


vity, and O the center of oſcil- 
lation of the body, the ſine 
of the angle ECD = c, and its 
co- ſine = 5; then, by mecha- 
nics, the force with which 
the body acts on C, in the E 
direction CE, will be = c, the effect of which in 
the direction MDs will be = 5c. 

But this 1s evidently but part of the effect ſought. 
For, whatever be the velocity of G, there will be an 
accelerating force of gravity upon it, in a direction 
perpendicular to CE, the effe& of which on C may 
be thus computed. Let there be a ſection of the 
body, by a plane to which the axis is perpendicular, 
at p, which (the body being ſuch as was deſcribed 
in page 127,) will be the center of gravity of the 
ſection. Let the weight of the particles in that 
ſection be w; then will the force with which w acts 
on P., Los a direction perpendicular to CE, be 
SW x 0 the effect of which on C, in the ſame 


direction, is = SW x D- But Op*= OC*—2OC x Cp 


+ Cp*; therefore, we have 


x OC* x 5200 * Cpw 


Js 


+ Cp* xw, a general expreſſion of the effect on C, in 
the direction perpendicular to CE, of any ſection of 
| - * the 
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the body perpendicular to its axis, at the diſtance Cp 
from the center of ſuſpenſion ; from which, by the 
well-kriown theorems for .computing the centers of 
gravity and oſcillation of bodies, we obtain the res 


of all the ſections, or of the whole body, = 80 * 


oc: 200 CG x + O CCG x W =$SW x1 — 885 


which force, in the direction DC, will be = c x 
188 Now, ſince this force acts always in a 


contrary direction to that above found, we have 
— 2 
. SW -c x 1 — 6 c * ' the force ſought. 


Concol. 1. Since s and c only are variable quantities 

in the expreſſion now obtained, it is evident that this 
force will be greateſt when the rectangle 5c is greateſt, 
which is well known to be when the angle ECD is 
= 4 5's 


| Conor. 11. From what was done above, we have 
cc for the firſt part of the force with which the 
center of ſuſpenſion is acted on in a direction per- 


* | * 88 | | 
pendicular to the horizon, and - i for the 


other; the ſum of which is V 5s x © whole 


force with which the center C is acted on in a direc- 


tion perpendicular to the horizon. 


8 2 P R O- 


— 
— — 
— 
— —— — 


1300 FORCE OF OSCELLATING. BODIES : - 


PROPOSITION u. 


Let C be the center of ſuſpenſion of the oſcillating body 
CFEH, IV its weight, COE the axis, and AOB half the 
arc deſcribed by O, the center of oſcillation ; it is required to. 
find with what force C is urged in the direction CD, parallel 
10 the horizon, by the centrifugal force of the body. 


Let CFEH be a ſetion _ 
of the body by the vertical 2. 


plane in which the axis CE == F 
vibrates; let the velocity of A 
O in feet, per ſecond, be V, 1 641 


the ſine of the angle OCB 
=s, and its co- ſine c; let p 
be any point in the ſection, 
and draw pq perpendicular 
to CE; then will the cen- 


trifugal force of a particle at O be as. A which put 


F. Now, ſince the angular velocity of p (and every 
other point in the body, ) is the ſame as that of O, the 
ſquare of the velocity of p, per ſecond, will be 


= «Sl, and. the 3 force of a particle at 


P> in the direction Cp, will be as r Cp, which is 


to its force in the direction of the axis as Cp to C; 
therefore 
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therefore its centrifugal force will be a8 805 x Cq= 


Fr 0 
To „-F. which, it is evident, is to the centri- 


fugal force of an equal particle at O, as Cq to CO. 
And by a ſimilar argument it will appear, that the 
force, in direction of CE, of every other particle in 
the tranſverſe ſection of the oſcillating body by a plane 
paſſing through p and q, and perpendicular to the 
plane of the ſection CFEH, will be as F x =P 
and conſequently, that the force of all the particles 
in that ſection will be as F 88 * 8 of the ſection; 
and the force of the whole body as 5; x fum of all the 
particles in the body x the diftances f their ſections from 
C: i. e. G being the center of gravity of the oſcil- 
lating body, its centrifugal force will be as F * 8 x 
the content of the body. Now, to compare this force with 
the weight of the body, draw AM and ON perpen- 
dicular to CB, and put f= 32:; then will Y, the 
den of the center of oſcillation, be MN x 2f, 


and c 6 (= * e which force is to the force 


of gravity as 00 to. 1; and ſince the content of the 
body and its weight are in direct proportion to each 


other, we have * 8 the centrifugal force 
of the body in the direction of its axis, the effect of 


which in the direction CD, is = π e, the 


force required. COROL. 
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CoRoOL. Since the centrifugal force of the body, 


. 0 . . . . MN CG 0 1 * 
in direction of its axis, is = N , in the di- 


| | CG 
rection of CB, it will be = cJ . 


SCHOLIUM. Here it will be proper to note, that 


the expreſſions now obtained will not be accurate, 


unleſs the centrifpgal force of the particles of the 
body be equal on all ſides of the axis; which it will 
be when the body is homogeneous and formed by the 
revolution of any line whatever about the axis, or of 
ſuch other ſhape as 1s deſcribed in page 127. 


PROPOSITION UI. 


The ſame things being given as in the la propoſition, it is 
required to find the pofition of the axis CE when the whole 


force of the body on C, in an horizontal direction, is greateſt. 


(See the figure to Prop. II.) 


By the two preceding propoſitions, the whole force 
with which the oſcillating body acts on C, in an ho- 


rizontal direction, is univerſally = c x = + IF 


, from which it will be eaſy to find the po- 


ſition required, either by Algebra or a Geometrical 
Conſtruction, the latter of which is to be preferred 
for a reaſon that "i ntl) appear. The 


* Although the Geometrical eonſtruction is to be preferred for the 


demonſtration of the limit of the Maximum, yet, as the Algebraic 


proceſs 
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© and . x 


The values of s and c are evidently I re- 


ſpectively, which being written for s e cin the above 


proceſs affords an eaſy method of computing the er poſition of 
the axis, it ſeems proper to give that alſo. 


2 MN TO) aaa, AY 


CY = d, we have VT 


the above general expreſſion becomes = Su X 356 254, the variable 


part of which is under the vinculum; 55 by putting its fluxion o, 


and proper reduction, we have ——4 =, and c= N . 
CoRoL. I. When the arc AB is a quadrant, d = ©, and we have 
C = v2 „which is the co-ſine of 45% 
CoroL, II. When the arc AB is a ſemicircle, 4 — 1, and c = 
— I + 4/19 f 
6 * 
Cox. III. When 4=c, the equation een 2, becomes cc 


cc — 


2 F, from which we get c = , the co-ſine of 30 which 


is the limit of the maximum. 


SCHOLIUM. Since, when the arc AB is greater than a quadrant, 
the ſign of d muſt be changed, and, in that caſe, c (in the general 
expreſſion above) paſſes through all degrees of magnitude from — d to 
+ 1; it is evident that there muſt be a point at which — 3c + 24 will 
be = at which the horizontal force will alſo be o; and conſe- 


quently, while c bas any value from — 4 w —=, the horizontal force 


will be negative, i. e. it will act in a contrary direction. 


expreſſion 
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ON x CN x CG MN x ON x CG 
expreſſion, it becomes = W+ or V, 


_ 7 IJ x ON x CN + 2MN; and ſince CN = 


CM + MN, we have S V ON x CM NN 255 


FW x ON x« MT MN, a general expreſſion of 
the horizontal force with which the body acts on the 
center of ſuſpenſion. Now the quantities to the 
right hand of V, which are the only variable part 
of the expreſſion, define a rectangle, which is eaſily 


conſtructed thus: Take D C 
MP to CM as 1 to 3; from 5 

P draw PO parallel to AM, R * 
and complete the parallel=» WA F ZE M 


ogram PO, which will be I 
= ON x 4 CM + MN. 


Now, ſince this rectan- 0 7 * 
gle is the only variable N B 
part of the above expreſ- 

ſion, it is evident that, 7 


when this is a maximum, 


that will be ſo too. Let RS, intercepted between PQ_ 
and PB produced, touch the circle at O; then, when 
O arrives at that point in the arc, at es the parts 
OR, Os, of the tangent RS, are equal to each other, 
the parallelogram will have its greateſt magnitude. 


(See Simpſon on the Maxima et Minima of Geometrical 
quantities.) 


CoROL. 
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Cool. 1. When the arc AB is a quadrant, CM o 
and the horizontal force is greateſt when the angle 


OCB=45%; in which caſe the force is expreſſed by 


308 
200% | 


Cool. 11. When the arc AB is greater than a 
quadrant, both the point M and the line PQ will 
aſcend above CD, and CM muſt have the ſign — 
before it. 


CoROL. III. When the arc AB is greater than a 
quadrant, and MC is to MN as 3 to 1, the horizontal 
force will be o; and conſequently, when MC is to 
MN in a greater ratio than that of 3 to i, the hori- 
zontal force will be negative, or it will act in a con- 


trary direction. 


SCHOLIUM. From the above conſtruction it ap- 
pears, that the maximum is reſtricted to a certain 
limit, beyond which the greateſt horizontal force 
will always be at A, the end of the arc. For, ſince 


the leſs the arc AB is, the greater will CM, and 


conſequently MP be, it is evident that AB may be 
taken ſo ſmall, that ON may coincide with AM, 
or even aſcend above it. The limit evidently is 
when ON coincides with AM, and is thus determined. 
Since NS is = NP when the rectangle OP is a maxi- 
mum, it follows, that, when ON coincides with 
AM, NS will be = MP; and, by the conſtruction, 

T NS 


bY 


— 


* 


— ——— — — a. he ' — —— — 5.0 —— VP— —— on I 


| MB 
which, by putting 7g = v, becomes Wx 1+ +0 
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NS (=MP) will be to NC (=MC) as 1 to 3, which is 


alſo the ratio of the tangent of OB to its co-tangent: 
from which the angle OCB is very eaſily found = 30% 


PROPOSITION 1V. 


"The ſame things being ſtill given, it is required to find 
the pofition of the axis of the oſcillating body when its force 


on the center of ſuſpenſion, in a perpendicular 2 - i 
greatęſt. 


By Corol. 2 to propoſition 1, that part of the force 


here ſought which ares from gravity, is univerſally 
W-sW N05 which quantity, it is evident, will be 
greateſt when =, i. e. when the axis of the body 


is perpendicular to the horizon, and then becomes 


By prop. 2, it appears, that the centrifugal force 
of the body is greateſt when its velocity is greateſt, 
which is at the bottom of the arc, when MN be- 
comes MB. Therefore, the poſition fought is a 


perpendicular to the horizon; in which poſition 


| . , 2MBx CG © 
the whole force is univerſally = Vx 1+ —gg— 


It may now be proper to illuſtrate theſe propoſi- 


tions by an application of them to the ſolution of 


ſome problems. 
P R © - 


I | 
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P ROB L EM I. 


To find the greateſt horizontal force of a pendulum 2016. 
weight, when half the arc of vibration is 2% the diſtances of 
the centers of oſcillation and gravity from the center of ſuſpen- 
fon being as 46 to 45. 


In this caſe, the greateſt horizontal force is at the 
end of the given arc, and ariſes from gravity only. 
We have, therefore, by Prop. 1, 010349 x 09994 


* 20 * 28 068 lb. nearly, or 10 · 92 oz. the force 
ſought.* | 
PR OB L E M II. 

The ſame things being given, it is required to find the 
greateſt perpendicular force with which the pendulum acts on 
the center of ſuſpenſion. x 


By Prop. 4, we have 20x1+0'00122 22 265 20*02391b. 


=20lb. 0+3$ oz. nearly, the force ſought. 


* This ſolution is to be conſidered as more exact than that in the 
Ladies' Diary for 1786, where no.allowance was made for the difference 
of the length of the pendulum and the diſtance of its center of gravity 
from the center of ſuſpenſion, 


It is to be further remarked, that, in theſe ſolutions, the pendulum 


is ſuppoſed to be perfectly inflexible ; but when there is a ſpring in 
the upper part of the pendulum, even this ſolution muſt be ſubject 
to ſome little inaccuracy: the error, nn. cannot be eſtimated 
without ni. 


T2 bas as 
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P ROB L E M III. 


To find both the greateſt horizontal and perpendicular force 
with which a cylinder of lead, 4 feet leng and 20001b. 
weight, ſuſpended at one end of its axis, and WO in a 


Semicireley acts on the center of ſupenſion. 


By Corol. I, page 135, we have . 2000=22 zolb. 
the greateſt horizontal force. And by Prop. 


43 2000 x 1+F= 2000x = 5000Ib. 15. the greateſt per- 


pendicular force. 


PROBLEM, IV. 


Lei the cylinder deſcribed in Sroblem 3 vibrate a whole 
circle, and let it be required to find both the greateſt horizon- 
tal and perpendicular force with which it acts on the center 


of ſuſpenſion 
By Corol. 2, Page 133, c=0*5508 16, the co- ſine 


of 55% 57' 24.8, the ſine of which angle iso- 828617 


and then, by the general expreſſion in the note to 

| 3 . 97 == 
Prop. 3, we have ＋ X 2000 x 5679450 x 0'828617= 
45731Þb. nearly, the greateſt horizontal force. By 


Prop. 4, we have 2000 x1 ** 4x 2000 = 8000 Ib, the 


greateſt perpendicular force. P | 
S C Ho- 


ON THEIR CENTERS OF SUSPENSION. 39 


$'C.H Q LI UM 


From the laſt two problems it appears, that the 
force of bells, when rung in peal, muſt be great on 
their axes of motion, and conſequently on the frames 
and walls that reſiſt it. This ſubject, therefore, ſeems 
to deſerve more attention than has hitherto been paid 


to it. 


ADVERTISEMEN T. 


| T H E Author has by him Materials for another 
Volume: among which are, New Theorems for 
Extracting the Square and Cube Roots; an eaſy 
Method of finding Products and Quotients to eleven 
or twelve Places of Figures, by means of a common 
Table of Logarithms to ſeven Places only, ſuch as 
thoſe publiſhed by Mr. Sherwin and Dr. Hutton ; and 


ſome further improvements in Algebra and Fluxions. 


W 4 


* 
A 


4 % 


F; 


» — PT. 
* Oo 4 5 - 
w „ 28 » 7 1 ** S 2 38 N 
Py > 5 x * x .. Þ 47 


Ll 
* 
— . 


9] 


a 1 © + 
—" * * * . 4+ a 
= "3 * 
* FP e 1 * 
- 
- 


* 


CORRECTIONS to be made before the Book is read. 


N. B. b. üeniftee count from the Bottom. y 


Matheſeos. . 


Page 5. To the Note at the bottom add, And Mr. Jones's Synop/es Palmerieram 


Page 8. I. 12. for Eqation, read Equation, 


Page 19. 


a Qt 


which perhaps 18 as ſmall a number as need be uſed in computing 
e of logarithms, after the modulus is found, read, which is 


about as ſmall a number as need be uſed for this purpoſe in computing 


a table of logarithms. 


— 


Page 20. 1. Il for a, read a*®, _ 

Page 25.1. 2. b. for za, read 3a. 

Page 32-1. 3. b. for page 27, read page 26. 
Page 36.1. 1. for y, ready. 


Page 39. J. 4. for , read =, 


Page 40. b. for following ſpecimen, read table now to be computed, 


Page 106. L 7+ b, for T7, rcad a, 
Page 114 · l. 4. 2 read £5, And l. 9. for exerciſe, read exerciſe, 


\ 
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